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Abstract: We describesomefinite differenceoperatorsandboundaryconditionsfor usewith the Overturegrid functions.
Secondandfourth orderaccurateapproximationsreavailablefor generakurvilineargrids. For rectangulaperiodicdomains
the pseudo-spectrapproximationsrealsoavailable.
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1 Intr oduction

We describesomefinite differenceoperatorandboundaryconditionsfor usewith the Overturegrid functions. The derivative
operatorsallow oneto take first andsecondorderdervatives (9,, 0y, 0., Oys, sy €tC.) With secondorder fourth orderor
spectralaccurag. (Spectralaccuray is for rectangulaperiodicdomainsonly). The derivative operatorsanalsobe usedto
generatahe matrix (9 point stencil,for example)correspondindo a derivative operator These“coefficient” operatorcanbe
usedto generate sparsamatrix.

The boundarycondition operatorsdefinea “library” of elementaryboundarycondition operationsthat can be usedto
implementapplicationspecificboundaryconditions.Examplesof elementarjpboundaryconditionsincludeDirichlet, Neumann
and mixed conditions,extrapolation,settingthe normal componenbf a vectorandso on. A solver canapply one or more
elementanpoundaryconditionsto the differentsidesof agrid.

TheclassMappedGridOperators  definesoperatordor differentiatingMappedGridFunctiois’andoperatordor apply-
ing boundaryconditionsto MappedGridFunctiors.

Theclasse&ridCollectionOperators , CompositeGridOperators andMultigridCompositeGridOperators
usethe operatorsn theclassMappedGridOperators  (or aclassderivedthere-of)to definedifferentialandboundarycon-
dition operatordor GridCollection 's,CompositeGrid 'sandMultigridCompositeGrid ’s.

The MappedGridOperators classcanbe usedto computespatialderivatives of a realMappedGridFunction
includingall first andsecondrderderivativeswith respecto z, y andz.

This classcanalsobe usedto defineboundaryconditionsandto evaluatethe boundaryconditions.

Theremay be one or more “flavour” of this class. Oneflavour will definederivativesin the “standard”finite difference
mannetusingthe“mappingmethod”. Anotherflavourwill definederivativesusingafinite volumeapproachYetotherflavours
canbedefined(by derivationfrom this class).

The grid function classesealMappedGridFunction andrealCompositeGridFunction have memberfunc-
tions for differentiationand applying boundaryconditions. A MappedGridFunction hasa pointerto an object of the
MappedGridOperators  class.It usesthis objectto performthe differentiationor to apply boundaryconditions.To usea

different“flavour” of differentiationone musttell the grid function usingthe setMappedGridOperators memberfunc-
tion. Similarly a GridCollectionFunction hasapointerto a GridCollectionOperators anda CGFhasapointer
to aCompositeGridOperators

Documentatiorcanbe found on the Overturehomepage http://www.lInl.gov/casc/Overture , andincludes

thefollowing documentshatmaybe of interest
e A++ Quick ReferenceCard: A++P++/DOCS/Quick _Reference _Card.tex
e A primerfor Overture[9.
e Grid andgrid functiondocumentation[B
¢ Finite differenceoperatorsandboundaryconditions|2.
¢ Finite volumeoperatorg1].
e Mappingclassdocumentationd].
e Show file documentatioti7].
e Interactve plotting[§].
e Oges‘EquationSolver” documentatior6].
¢ Interactve grid generatiordocumentatior5].
e Theotherstuff documentation[10

e TheOverBlowvn Navier-Stokesflow solver [12][11].

1.1 Differentiation
Thereareanumberof differentwaysto evaluatederivativesof a grid function.
e Usethememberfunctionfoundin the MappedGridOperators  object.

¢ Usethememberfunctionfoundin therealMappedGridFunction



e Usethememberfunctionfoundin therealCompositeGridFunction

e UsethememberfunctiongetDerivatives foundin theMappedGridOperators  classto evaluatea setof deriva-
tivesall atonce.Thisis themostefficient method.

Currentlythe mostnaturalway is notthe mostefficient becauset involvesextra computatiorandextra datamovement.All of
theseapproacheareillustratedin the examplesthatfollow.



2 ClassMappedGridOperators

2.1 Public memberfunction and member data descriptions
2.1.1 Public enumerators
Herearethe public enumerators:

derivativeTypes: Thisenumeratocontainsalist of all thederivativesthatwe know how to evaluate

enum derivativeTypes

{
xDerivative,
yDerivative,
zDerivative,
xxDerivative,
xyDerivative,
xzDerivative,
yxDerivative,
yyDerivative,
yzDerivative,
zxDerivative,
zyDerivative,
zzDerivative,
laplacianOperator,
r1Derivative,
r2Derivative,
r3Derivative,
rlrlDerivative,
rlr2Derivative,
rir3Derivative,
r2r2Derivative,
r2r3Derivative,
r3r3Derivative,
gradient,
divergence,
divergenceScalarGradient,
scalarGradient,
identityOperator,
vorticityOperator,
xDerivativeScalarXDerivative,
xDerivativeScalarYDerivative,
yDerivativeScalarY Derivative,
yDerivativeScalarZDerivative,
zDerivativeScalarZDerivative,
divVectorScalarDerivative,
numberOfDifferentDerivatives /Il counts number of entries in this list

BCNames: This enum (which for technicalreasonds in the BCTypesClass,NOT the MappedGridOperatorgjefinesthe
differenttypesof elementarypoundaryconditionsthathave beenimplemented:

enum BCNames

{
dirichlet,
neumann,
extrapolate,
normalComponent,
mixed,
generalMixedDerivative,
normalDerivativeOfNormalComponent,
normalDerivativeOfADotU,
aDotU,
aDotGradU,
evenSymmetry,
vectorSymmetry,
TangentialComponentO,
TangentialComponent1,
normalDerivativeOfTangentialComponent0,
normalDerivativeOfTangentialComponent1,



n this list

numberOfDifferentBoundaryConditionTypes /I counts number of entries
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2.1.2 Constructors

MappedGridOperators()
MappedGridOperators( MappedGrid & mg)
Description: Constructa MappedGridOperators
mg (input): Associatethis grid with the operators.

Author: WDH

2.1.3 Derivativesx,y,z,XxX,Xy,Xz,yy,yz,zz,laplacian,grad,dv

MappedGridFunction

"deri vative”(constrealMappedGridFunction & u,
constindex & 10 =nullindex ,
constindex & |11 =nullindex ,
constindex & 12 =nullindex ,
constindex & I3 =nullindex ,
constindex & 14 =nullindex ,
constindex & 15 =nullindex ,
constindex & 16 =nullindex ,
constindex & 17 =nullindex

)
Description: "derivative” equalsoneof x, y, z, XX, Xy, Xz, Yy, yz, zz, laplacian grad,div.
u (input): Takethederivative of this grid function.
10,11,13 (input): evaluatethe derivativesatthesepoints.
14 (input) : evaluatethe derivative for thesecomponentshy defaultall components.

Return value: Thederwvativeis returnedasanew grid function. For all derivativesbut grad anddiv the numberof compo-
nentsin theresultis equalto the numberof componentspecifiedby 14 (if 14 not specifiedthenthe resultwill have the
samenumberof component@su). Thegrad operatomwill have numberof componentgqualto the numberof space
dimensionswvhile thediv operatomwill have only onecomponent.

2.1.4 Derivative Coefficients

MappedGridFunction

"deri vativeCoefficients”(constindex & 10 =nullindex ,
constindex & 11 =nullindex ,
constindex & 12 =nullindex ,
constindex & I3 =nullindex ,
constindex & 14 =nullindex ,
constindex & 15 =nullindex ,
constindex & 16 =nullindex ,
constindex & 17 =nullindex

)

Description: "derivativeCoeficients” equaloneof xCoeficients,yCoeficients,zCoeficients, xxCoeficients xyCoeficients,
xzCoeficients, yyCoeficients, yzCoeficients, zzCoeficients, laplacianCodfcients, gradCoeficients, divCoeficients,
identityCoeficients. Computethe coeficientsof the specifiedderivative.

10,11,... (input): determinethe coeficientsatthesepoints.

return Value: Thederiative coeficients.



2.1.5 get

int

get(constGenericDataBase dir, constaString & name)
Description: Getfrom a databaséile

dir (input): getfrom this directoryof the database.

name (input): thenameof thegrid functiononthedatabase.

2.1.6 getFourierOperators

FourierOperators*
getFourierOperators(constbool abortlfNull =TRUE) const

Description: Returnapointerto the Fourieroperatoraisedby this classto performpseudo-spectralerivatives. NOTE: This
pointerwill notbeassignedintil thefirst derivative operationis applied.

abortlfNull (input) : by defaultthisroutinewill abortif the pointeris null

2.1.7 put

int

put( GenericDataBaseX dir, constaString & name)const
Description: outputontoadatabaséile

dir (input): putontothisdirectoryof thedatabase.

name (input): the nameof thegrid functiononthedatabase.

2.1.8 setOrderOfAccuracy

void
setOrderOfAccuracy( constint & orderOfAccuracyO )

Description: settheorderof accurayg

orderOfAccuracyO (input): valid valuesare?2 or 4 or MappedGridOperators::spectr&hoosingspectraimeanghatderiva-
tivesarecomputedwith the pseudo-spectrahethod.Thisis only valid for rectangulaperiodicgrids.

2.1.9 setStencilSize

void
setStencilSize(consgint stencilSize0)

Description: Indicatethe stencilsizefor functionsreturningcoeficients

2.1.10 setTwilightZoneFlow

void
setTwilightZoneFlow( constint & twilightZoneFlowO0 )

Description: Indicateif twilight-zoneforcing shouldbe addedto boundaryconditions

twilightZoneFlowO (input): if TRUE thenaddthetwilight-zoneforcing (seealsosetwilightZoneFlavFunctionandthe sec-
tion on boundaryconditions)

2.1.11 isRectangular

bool
isRectangular()

Description: Returntrueif thegrid is rectangular



2.1.12 updateToMatchGrid

void
updateToMatchGrid( MappedGrid & mg)

Description: associat& nev MappedGridwith this object
mg (input): usethis MappedGrid.

Notes: performcomputationderethatonly depenconthegrid

2.1.13 sizeOf

real
sizeOf(FILE *file = NULL) const

Description: Returnsizeof this object

2.1.14 setTwilightZoneFlow

void
setTwilightZoneFlow( constint & twilightZoneFlow_)

Description: Indicateif twilight-zoneforcing shouldbe addedo boundaryconditions

twilightZoneFlow_ (input): if 1 thenaddthe twilight-zoneforcing to all boundaryconditionsexceptfor extrapolation. If 2
thenalsoaddto extrapolation.(seealsosetwilightZoneFlovFunctionandthe sectionon boundaryconditions)

2.1.15 setTwilightZoneFlowFunction

void

setTwilightZoneFlowFunction( OGFunction & twilightZoneFlowFunction0)

Description: Supplyatwilight-zoneforcing to usefor boundaryconditions

twilightZoneFlowFunctionO (input): usethis classfor twilight-zoneforcing (seealsosetwilightZoneFlov andthe section
on boundaryconditions)

2.1.16 useConsevativeApproximations

void

useConsevativeApproximations(booltrueOrF alse= TRUE)

Description: Indicatewhetherto usethe conserative approximationso theoperatorgliv |, laplacian , divScalarGrad
andscalarGrad andcorrespodindoundaryconditions

trueOrF alse(input): TRUE meansuseconserative approximations.

2.1.17 usingConsewrativeApproximations

bool
usingConsewativeApproximations() const

Description: ReturnTRUE if we areusingconserative approximations.



2.1.18 setAveragingType
void
sdatAveragingType(constAveragingType & type )

Description: Settheaveragingtypefor certainoperatorsuchasdivScalarGrad . Thedefaultis arithmeticAverage
TheharmonicAverage s oftenusedfor problemswith discontinuosoeficients. Recallthat

; : b
arithmeticaverage = %
; 2ab
harmonicaverage= +——~ =
a + b a+b
type (input) : oneof arithmeticAverage or harmonicAverage

2.1.19 getAveragingType

AveragingType
getAveragingType() const

Description: Returnthe currentaveragingtype.

2.1.20 isRectangular

bool
isRectangular()

Description: Returntrueif thegrid is rectangular

2.1.21 finishBoundaryConditions

void

finishBoundaryConditions(realMappedGridFunction & u,

constBoundaryConditionParameters& bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constRange& CO =nullRange)

Description: Call this routinewhenall boundaryconditionshave beenapplied. This functionwill updateperiodicedgesand
fix up thesolutionvaluesin the ghostpointsoutsidecornerswhich arenot assignedy applyBoundaryCondition
(i.e. the ghostpointsthatlie outsidethe cornersin 2D or the ghostpointsthatlie outsidethe edgesandthe verticesin
3D). Thisroutinewil alsofill in extrapolationequationgtghostpointsthatcorrespondo interpolationpointson physical
boundaries.

More precisely
1. Firstcall u.periodicUpdate() to assigrvaluesto side=1 boundaryines
iaxis = mg.gridIndexRange()(1, axis) axis =0, 1,..,mg.number0fDimensions

(mgistheMappedGrid associatewvith thegrid functionu) aswell asall ghostlinesonall sidesthathave periodic
boundaryconditions.

2. Extrapolatecornerghostpointswhicharenotassignedy stepl usingextrapolationto orderbcParameters.orderOfExtrapolat
(orderOfAccuray+1)

¢ In 2D extrapolatethe cornerghostpointsalongthe diagonal.For example,if
bcParameters.orderOfExtrapolation = 3 (defaultfor2ndorderaccuracy)
thenthevalueatthelower left cornerghostpoint
(i1,42) = (mg.indexRange()(Start,axisl) — 1,mg.indexRange()(Start, axis2) — 1)
will begivenby
u(i, i2) = u(iy + 1,49 + 1) — 3u(iy + 2,42 + 2) + u(iy + 3,42 + 3)

If therearetwo ghostlinesthenalsoassignpoints(i; — 1,i2),(i1,42 — 1),(i1 — 1,42 — 1). And soon, if there
aremorethan?2 ghostlines.
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¢ In 3D extrapolatethe ghostpointsnext to edgesandthe ghostpointsnext to vertices.Obtainvaluesby extrap-
olatinginto theinteriorasmuchaspossible.

3. extrapolateghostpointsthatlies outsideof interpolationpointsonthephysicalboundarymg.boundaryCondition(side,aixs)¢,

For evenmoredetailsyoucanlook atthecodein Overture/GridFunction/GenericMappedGridOperators.C

Note: Whenappliedto a coeficient matrix the above operationswill generatenew equationsn the coeficient matrix
ratherthanbeapplieddirectly to the grid function.

u (input/output): Grid functionto which boundaryconditionswereapplied.

bcParameters(input): SupplyparametersuchasbcRParameters.orderOfExtrapolatiarhich indicateghe orderof extrapola-
tionto use.

CO (input) : applyto thesecomponents

2.1.22 divScalarGrad

realMappedGridFunction
divScalarGrad( constrealMappedGridFunction & u,
constrealMappedGridFunction & scalar,
constindex & 11,
constindex & 12_,
constindex & 13_,
constindex & 14 _,
constindex & I5_,
constindex & 16 _,
constindex & 17_,
constindex & 18.)

Description: Evaluatethederiative V - (scalarVu).
u (input):
scalar (input) : Thecoeficientappearingn thederivative expression.

Author: WDH

2.1.23 scalarGrad

realMappedGridFunction
scalarGrad( constrealMappedGridFunction & u,
constrealMappedGridFunction & scalar,
constindex & 11_,
constindex & 12_,
constindex & 13_,
constindex & 14_,
constindex & 15_,
constindex & 16 _,
constindex & 17_,
constindex & 18.)

Description: Evaluatethederwvative scalarVu.
u (input):
scalar (input) : Thecoeficientappearingn the derivative expression.

Author: WDH

11



2.1.24 derivativeScalarDervative

realMappedGridFunction
derivativeScalarDervative(constrealMappedGridFunction & u,

constrealMappedGridFunction & scalar,

constint & directionl,

constint & direction2,

constindex & 11_,

constindex & 12_,

constindex & 13_,

constindex & 14 _,

constindex & 15_,

constindex & 16 _,

constindex & 17_,

constindex & 18.)

Description: Evaluatethe derivative

(scalar———— )

O directionl OXdirection2

u (input):
scalar (input) : Thecoeficientappearingn the derivative expression.

directionl,direction2 (input) : specifythederivativesto use.

2.1.25 divVectorScalar

realMappedGridFunction
divVectorScalar(constrealMappedGridFunction & u,
constrealMappedGridFunction & s,
constindex & 11,
constindex & 12,
constindex & 13,
constindex & 14,
constindex & 15,
constindex & 16,
constindex & 17,
constindex & 18)

Description: Evaluatethe divergenceof a known vectortimesthe dependentariablew:
V - (Su)
u (input):

s(input) : Thecoeficientappearingn the derivative expressionnumberof componentgqualto the numberof spaceadimen-
sions.

2.1.26 setNumberOfDerivativesToEvaluate

void
setNumberOfDerivativesToEvaluate( constint & numberOfDerivatives)

Description: Specifyhow mary derivativesareto be evaluated
numberOfDerivatives(input): Indicatehow mary derivativesthatyou wantto evaluatein the call to getDerivatives

Author: WDH
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2.1.27 setDerivativeType

void
sdtDerivativeType(constint & index, constderivativeTypes& derivativeType0,RealDistributedArray & ux1x2)

Description: Specifywhich derivative to evaluateandprovide anarrayto save theresultsin.

index (input): Specifythis derivative. 0 < indexr < number0fDerivatives wherenumberOfDerivatives wasspeci-
fied with setNumberOfDerivativesToEvaluate

derivativeTypeO(input): indicateswhich derivative to evaluate from the enumderivativeTypes

ux1x2 (input): Hereis thearraythatthefunctiongetDerivatives will savethederivativein. This classkeepsareference
to thearrayux1x1 . Thisarraywill beautomaticallype madelarge enoughto hold theresuilt.

Author: WDH

2.1.28 getDerivatives

void

getDerivatives(constrealMappedGridFunction & u,
constindex & |1_=nullindex,
constindex & 12_ =nullindex,
constindex & I3_ =nullindex,
constindex & N =nullindex,
constindex & Evaluate =nullindex)

Description: Thisis anefficientway to computederivatives. Computethe derivativesof u thatwerespecifiedwith setNum-
berOfDerivativesToEvaluate andsetDerivativeType

u (input): Computethe derivativesof this grid function.

11,12,13 (input): evaluatethederivativesatthesecoordinatdndex values(by default evaluateat asmary pointsasis possible;
for second-ordediscretizationall pointsbut the last ghostline are evaluated,for fourth orderall pointsbut the 2 last
ghostlinesareevaluated).

N (input): Evaluatethederivativesof thesecomponentsf u (by defaultall componentsareevaluated).

Evaluate (input): evaluatethis subsetof the derivatives. The derivativesto be evaluatedare numberedfrom 0,1,2,... For
example,supposeg/ou usedsetDervative Typeto specify:

setDerivativeType(0,MappedGridOperators::xDerivative,ux);
setDerivativeType(1,MappedGridOperators::yDerivative,uy);
setDerivativeType(2,MappedGridOperators::xxDerivative,uxx);
setDerivativeType(3,MappedGridOperators::yyDerivative,uyy);

If you only wantto evaluatethe secondderivativesyou canchooseEvaluate=Index(2,2) to only evaluatederiva-
tives2 and3.

Notes: Thisis anefficient way to computemary derivativesbecause&eomputationcanbe sharedThis routinefirst computes
u.r, u.s,[u.t] for efficiency

*WARNING** on eachcall to getDervatives, the arraysusedto hold the resultswill be redimensionedf the new
resultsdo not fit into the existing array (not just the size but the (base,boundyaluesfor eachdimension). Thusif you
call getDerivatives in consecutie statementsvith differentvaluesfor N and Evaluate,thenthe resultsfrom the
first call may be destryedif the arrayswerenot big enough.You caneitherexplicitly dimensionthe arraysto be large
enoughor elseinitially call getDervativeswith thedefaultvaluesfor N andEvaluatesothe arraysaredimensionedo be
full size.
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2.1.29 divScalarGradCoefficients

realMappedGridFunction

divScalarGradCoefficients(const ealMappedGridFunction & scalar,
constindex & I1_ = nullindex,
constindex & 12_ = nullindex,
constindex & 13_ = nullindex,
constindex & 14_ = nullindex,
constindex & I5_ = nullindex,
constindex & 16_ = nullindex,
constindex & 17_ = nullindex,
constindex & 18_ = nullindex)

Description: Formthecoeficient matrix for the operatorV - (scalarV).
scalar (input) : coeficientthatappearsn theoperator

Author: WDH

2.1.30 derivativeScalarDervativeCoefficients

realMappedGridFunction

derivativeScalarDervativeCoefficients(const ealMappedGridFunction & scalar,
constint & directionl,
constint & direction2,
constindex & 11 = nullindex,
constindex & 12 = nullindex,
constindex & I3 = nullindex,
constindex & 14 = nullindex,
constindex & 15 = nullindex,
constindex & 16 = nullindex,
constindex & 17 = nullindex,
constindex & 18 = nullindex)

Description: Formthe coeficient matrix for the operator

_ (scalar _ u)
aa”‘directionl Xdirection2

scalar (input) : coeficientthatappearsn the operator

directionl,direction2 (input) : specifythe derivativesto use.

2.1.31 scalarGradCoefficients

realMappedGridFunction

scalarGradCoefficients(constealMappedGridFunction & scalar,
constindex & 11_ = nullindex,
constindex & 12_ = nullindex,
constindex & I13_ = nullindex,
constindex & 14_ = nullindex,
constindex & 15_ = nullindex,
constindex & 16_ = nullindex,
constindex & 17_ = nullindex,
constindex & 18_ = nullindex)

Description: Form the coeficient matrix for the operatorscalarV.
scalar (input) : coeficientthatappearsn the operator

Author: WDH
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2.1.32 divVectorScalarCoefficients

realMappedGridFunction

divVectorScalarCoefficients(constealMappedGridFunction & s,
constindex & I1_ = nullindex,
constindex & 12_ = nullindex,
constindex & 13_ = nullindex,
constindex & 14_ = nullindex,
constindex & 15_ = nullindex,
constindex & 16_ = nullindex,
constindex & 17_ = nullindex,
constindex & 18_ = nullindex)

Description: Formthecoeficient matrix for the operatorV - (S).

s(input) : Thecoeficientappearingn the derivative expressionnumberof componentgqualto the numberof spaceadimen-
sions.

2.1.33 applyBoundaryCondition

void
applyBoundaryCondition(r ealMappedGridFunction & u,
constindex & Components,
constBCTypes::BCNames& bcType = BCTypes::dirichlet,
constint & bc = BCTypes::allBoundaries,
constreal & forcing =0.,
constreal & time =0.,
constBoundaryConditionParameters &
bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

void

applyBoundaryCondition(realMappedGridFunction & u,
constindex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constRealArray & forcing,
constreal & time =0.,
constBoundaryConditionParameters &

bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

void
applyBoundaryCondition(r ealMappedGridFunction & u,
constindex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constRealArray & forcing,
realArray *forcinga[2][3],
constreal & time =0.,
constBoundaryConditionParameters &
bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

Description: If forcinga[side][axis]'=NULL thenusethis array otherwiseuseforcing.
void

applyBoundaryCondition(r ealMappedGridFunction & u,
constindex & Components,
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constBCTypes::BCNames& bcType,

constint & bc,

constRealArray & forcing,

constreal & time =0.,

constBoundaryConditionParameters &
bcParameters= Overtur e::defaultBoundaryConditionParameters(),

constint & grid =0)

void

applyBoundaryCondition(r ealMappedGridFunction & u,
constindex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constRealDistributedArray & forcing,
constreal & time =0.,
constBoundaryConditionParameters &

bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

Description: This versiontakesa distributedarrayasforcing (only usedin parallel).

void

applyBoundaryCondition(realMappedGridFunction & u,
constindex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constrealMappedGridFunction & forcing,
constreal & time =0.,
constBoundaryConditionParameters &

bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

Description: Apply aboundaryconditionto agrid function. Thisroutineimplementsvery boundaryconditionknown to man
(ha!)

u (input/output): applyboundaryconditionsto this grid function.
Components(input): applyto thesecomponents
bcType (input): thenameof the boundaryconditionto apply (dirichlet,neumann,...)

bc (input): apply the boundaryconditionon all sidesof the grid wherethe boundaryConditiorarray (in the MappedGrid)
is equalto this value. By default bc=BCTypes allBoundaries applyto all boundariegwith a positive valuefor
boundaryCondition)To applyaboundaryconditionto a specifiedsideuse

bc=BCTypes::boundaryl  for (side,axis) = (0,0)

e bc=BCTypes::boundary2  for (side,azis) = (1,0)
e bc=BCTypes::boundary3  for (side,axis) = (0, 1)
e bc=BCTypes::boundary4  for (side,azis) = (1,1)
e bc=BCTypes::boundary5  for (side,axis) = (0,2)
e bc=BCTypes::boundary6  for (side,azis) = (1,2)
or usebc=BCTypes::boundaryl+side+2*axis for givenvaluesof (side, azis) (this could be usedin aloop,

for example).
forcing (input): Thisvalueis usedasa forcing for the boundarycondition,if needed.
time (input): applyboundaryconditionsat this time (usedby twilightZoneFlaw)

bcParameters(input): optionalparametersre passedisingthis object. Seethe examplesfor how to passparametersvith
thisargument.

Limitations: only seconcbrderaccurate.
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2.1.34 applyBoundaryConditionCoefficients

void
applyBoundaryConditionCoefficients(realMappedGridFunction & uCoeff,
constindex & E,
constindex & C,
constBCTypes::BCNames&
bcType = BCTypes::dirichlet,
constint & bc = allBoundaries,
constBoundaryConditionParameters &
bcParams = Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

Description: Fill in the coeficientsof theboundaryconditions.
uCoeff (input/output): grid functionto hold the coeficientsof the BC.
E (input): applyto theseequationgfor a systemof equations)

C (input): applyto thesecomponents

t (input): applyboundaryconditionsatthistime.

Notes: If you supplyRangeobjectsfor E and C thenthe boundaryconditionsarefilled in for all equationsandcomponents
indicatedby the RangesandNOT just the "diagonal” entries(asmight be first expected). Thusnormally you will want
to specifyE andCto justbeint’s.

Limitations: toomary to write down.
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2.2 Example 1: Differ entiation of a realMappedGridFunction
In this first examplewe shaw to evaluatederivatives of a MappedGridFunctionira few differentways. The recommended

efficient methodof evaluationis demonstratedearthe endof the examplecode.(file Overture/examples/tmgo.C )
1 #include  “"Overture.h"
2 #include "MappedGridOperators.h"
3  #include  "Square.h"
4 ==
5 / Examples showing how to differentiate realMappedGridFunctions
6 1 0 evaluate using the Xx)y,... member functions
7 0 evaluate in an effficient manner by computing many derivatives at once.
8 I ==
9 int
10 main(int argc, char *argv[])
11 {
12 Overture::start(argc,argv); /I initialize Overture
13
14 SquareMapping  square(0.,1.,0.,1.); /I Make a mapping, unit square
15 square.setGridDimensions(axis1,11); /I axis1l==0, set no. of grid points
16 square.setGridDimensions(axis2,11); /I axis2==1, set no. of grid points
17 MappedGrid mg(square); /I MappedGrid for a square
18 mg.update(); /I create default variables
19
20 Index 11,12,13;
21 Range all; /' null  Range
22 realMappedGridFunction u(mg,all,all,all,Range(0,0)), /I define some component grid functions,
23 v(mg,all,all,all,Range(0,0)), /I in 3D
24 w(mg,all,all,all,Range(0,1));
25
26 MappedGridOperators operators(mg); /I define some differential operators
27 u.setOperators(operators); /I Tell u which operators to use
28 v.setOperators(operators);
29 w.setOperators(operators); /I Tell u which operators to use
30
31 getindex(mg.dimension(),11,12,13); /I assign 11,12,13
32 u(11,12,13)=sin(mg.vertex()(11,12,13,axis1))*cos(mg.vertex 0(11,12,13,axis2)); /I u=sin(x)*cos(y)
33 w(I1,12,13,0)=sin(mg.vertex()(11,12,13,axis1))*cos(mg.vert ex()(11,12,13,axis2) ); Il first component
34 w(11,12,13,1)=sin(mg.vertex()(11,12,13,axis1))*sin(mg.vert ex()(11,12,13,axis2) ); /I second component
35
36 u.display("here is u");
37
38 /I compute the derivatives at interior and boundary points (there is 1 ghost line by default)
39 getindex(mg.indexRange(),11,12,13); /I assign 11,12,13
40
41 operators.x(u).display("Here is operators.x(u)"); /I one way to compute u.x
42 u.x().display("Here is  ux"); /I another way to compute u.x
43
44 V=u;
45 v.x().display("v=u; here is v.x");
46
47
48 real error = max(fabs(u.x()(11,12,I3)- cos(mg.vertex()(11,12,13,axis1))*cos(mg.vertex()(11,12,13 ,axis2))));
49 cout << "Maximum error (2nd order) = " << error << endl;
50
51 /I here we compute the derivatives of only some components of w
52 v=w.x(all,all,all,0)+w.y(all,all,all,1);
53 v.display("here is  w.x(0)+w.y(1)");
54
55
56 /I now compute to 4th order
57 operators.setOrderOfAccuracy(4);
58 /I 4th order has a 5 point stencil -- therefore on compute on interior points
59 getindex(mg.indexRange(),11,12,13,-1);
60
61 /I compute the derivatives at interior and boundary points (there is 1 ghost line by default)
62
63 error = max(fabs(u.x()(11,12,13)-cos(mg.vertex()(11,12,13,axis1) )*cos(mg.vertex()(I11,1 2,1 3,axis 2)) ));
64 cout << "Maximum error (4th order) =" << error << endl
65
66 /' --- Here is a more complicated  expression:
67 v(11,12,13)=u(11,12,13)*u.x()(11,12,13)+v(11,12,13)*u.y( )(11,12,13)-.2*(u.xx() (1,1 2,1 3)+uyy) (11 ,12 ,13));
68
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69 /I --- make a list of derivatives to evaluate all at once (this is more efficient) -

70 RealArray  ux,uy; /I these arrays will hold the answers

71 operators.setNumberOfDerivativesToEvaluate( 2);

72 operators.setDerivative Type( 0, MappedGridOperators::xDerivative, ux );

73 operators.setDerivative Type( 1, MappedGridOperators::yDerivative, uy );

74

75 /I reset order of accuracy to 2

76 u.getOperators()->setOrderOfAccuracy(2); /I This is the same as operators.setOrderOfAccuracy(2);

77

78 /I compute the x and y derivatives of u and save in the arrays ux and uy

79 operators.getDerivatives(u,11,12,13);

80 /I this next line is another way to do exactly the same thing

81 u.getDerivatives(11,12,13);

82

83 error = max(fabs(ux(l1,12,13)-cos(mg.vertex()(11,12,13,axis1))*co s(mg.vertex()(11,12,1 3,a xis 2)) ));
84 cout << "Maximum error in ux: (2nd order) =" << error << endl

85 error = max(fabs(uy(11,12,13)+sin(mg.vertex()(11,12,13,axis1))*si n(mg.vertex()(11,12,1 3,axis 2)) ));
86 cout << "Maximum error in uy: (2nd order) =" << error << endl

87

88

89 /I compute the vy derivative only

90 ux=-123.; /I init  with bogus values

91 uy=-123.;

92 u.getDerivatives(11,12,13,all,1); /I all=all components, 1=derivative number 1 (yDerivative)

93

94 error = max(fabs(ux(l1,12,I13)-cos(mg.vertex()(11,12,13,axis1))*co s(mg.vertex()(11,12,1 3,a xis 2)) ));
95 cout << "Maximum error in ux: (2nd order) (should be bad, only uy computed)= " << error << endl
96 error = max(fabs(uy(l1,12,13)+sin(mg.vertex()(11,12,13,axis1))*si n(mg.vertex()(11,12,1 3,a xis 2)) ));
97 cout << "Maximum error in uy: (2nd order) =" << error << endl

98

99 /I ***  now compute derivatives of a grid function with  multiple components

100

101 getindex(mg.indexRange(),11,12,13); /I assign 11,12,13

102 w.getDerivatives(11,12,13);

103

104 ux=-123.; /I init  with bogus values

105 uy=-123.;

106 w.getDerivatives(11,12,13,0,1); /I O0=component, 1=yDerivative

107 w.getDerivatives(11,12,13,1,0); /I 1=component, O0=xDerivative

108

109 ux.display("ux for w");
110 uy.display("uy for w");

111

112 error = max(fabs(uy(I1,12,13,0)+sin(mg.vertex()(11,12,13,axis1))* sin(mg.vertex()(11,12 I3 Jax is2 ) );
113 cout << "Maximum error in w(0).y: (2nd order) =" << error << endl

114 error = max(fabs(ux(I1,12,13,1)-cos(mg.vertex()(11,12,13,axis1))* sin(mg.vertex()(11,12 I3 ,ax is2 ) );
115 cout << "Maximum error in w(1).x: (2nd order) =" << error << endl

116

117

118 cout << "Program Terminated Normally! \n";

119 Overture::finish();
120 return  0;
121 }

In this examplewe createa MappedGridOperators objectand associatet with a grid function. We computethe
x-derivative of a realMappedGridFunction . Thememberfunction“x” in the grid function returnsthe x derivative of
the grid function asa new grid function. It usesthe derivative definedin the MappedGridOperators object. Note that
by defaultthederiative of arealMappedGridFunction is only computedat interior andboundarypoints(indexRange).
Thusto accesgmake a view) of the derivative valuesof thegrid functionu.x() atthelndex’'s (11,12,13) it is necessary
to sayu.x()(11,12,13) . Onthe otherhandthe statementi.x(11,12,13) will evaluatethe derivativeson the points
definedby (11,12,13) , but will returna grid function thatis dimensionedor the entiregrid. Thusin generalon could
sayu.x(11,12,13)(31,32,33) to evaluatethe dervativesat points(11,12,13) but to use(take a view) of the grid
functionattheIndex’s (J1,J2,J3)

Theexamplecodealsoshavs how to computehederivativesof justsomecomponent®f agrid function. Thegrid function
w has2 componentsTheexpressiorw.x(all,all,all,0) computeghederivative of component0’ of wandreturnsthe
resultasagrid functionwith 1 component.

The efficient methodfor computingderivatives is shavn at the bottom of this example. First one mustindicate how
mary derivativeswill beevaluatedsetNumberOfDerivativesToEvaluate , andwhichderiativesshouldbeevaluated,
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setDerivativeType , and also supply A++ arraysto hold the resultsin (ux,uy ). Thesearrayswill automaticallybe
madelarge enoughto hold the resultsif they arenot alreadylarge enough.The call to getDerivatives will evaluateall
the derivativesall at once(thus saving computationsjind placethe resultsin the usersuppliedarrays(thus saving memory
allocationoverhead).

Seealsosection(3.2)for asimilar examplethatusesCompositeGridFunction ’s.

2.3 DerivativesDefinedUsing Finite Differences

TheclassMappedGridOperators  definesderivativesusingfinite differencesandthe“mappingmethod”. Simply put, each
derivative is written, usingthe chainuse,in termsof derivativeson the unit squargor cube). Thederivativeson the unit square
arediscretizedusingstandardtentralfinite differences.

EachMappedGrid , M, consistf a setof grid points,

M = {vertex; | i = (i1,42,73) dimension(Start,m) < i,, < dimension(End,m), m =0,1,2}.

Oneor two extra lines of fictitious pointsareaddedfor conveniencein discretizingto secondor fourth-order Boundariesof
the computationalomainwill coincidewith the boundarieof the unit cubes,i,, = gridIndexRange(Start,m) Or i, =
gridIndexRange(End,m).

The derivativesarediscretizedwith secondor fourth-orderaccuratecentraldifferencesappliedto the equationswritten in
theunit cubecoordinatesaswill now be outlined. Definethe shift operatoiin the coordinatedirectionm by

Uist1iz,is fm =0
E Ui =19 Uiyt !f m=1 (1)
Uil,iz,i3+1 ifm=2

andthedifferenceoperators

EF-1

D+Tm = AT
1—-E!

D_, =

m Arp
D _ E—E!
o T A,

Dypp = Eip—1

Eim By, — 1
D+m1,m2 = # .
m

Let Dy, , Doy r,.» D2z, and Do, .. denotesecond-ordeaccuratederivativeswith respecto r andx. The deriativeswith
respecto r arethe standarccentreddifferenceapproximationsFor example

Ny e Eenm EL)U
Orm, fm 2(Ary)
d*u (Bim — 2+ E7,)U;
_— ) D P U = m
orz, ~ R (Arp)?

Let Dy, , Day, v, Das,, and Dy, . denotefourth orderaccuratederivativeswith respecto r andx. Thederivativeswith
respecto r arethe standardourth-ordercentreddifferenceapproximationsFor example

ooy (—E2%,, + 8B4, —8E, + E 2)U;
Oy Hrm St 12(Ar,,)
Pu DU (=E2%,, + 16E4,, — 30 + 16E7,, — E72)U;
—aT,?n Armrm Y - 24(A7‘m)2

whereAr,, = 1/(Nm,p — Nm,a)-
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Thederiativeswith respecto x aredefinedby thechainrule. For the fourth-orderapproximationsfor example,

ou Jr, Ou orn,

Orm ; Om Orn Dz, Us i= — O, Dar, Us
9%u or, Or 9%r,, Ou

ox2, ; Oz, 0T, 87" nTl Z ox2, ary,

~ Dyg 2, U; Z g;; ad;l Dy, 7 U; + Z <D4a:m grn >D4rnUz

n,l

The entriesin the Jacobiarmatrix, dr,,, /dz,,, areassumedo be known at the verticesof the grid; thesevaluesare obtained
from theMappedGrid in thearrayinverseVertexDerivatives

2.4 Consewnative Differ enceApproximations

TheMappedGridOperators  alsosupplysomeconsenrative differenceapproximations*** thisis new ***
DefineJ to bethe determinanbf the Jacobiarmatrix of thetransformatiorderivatives

ox
J = det {ar}

Notethat Jdr is ameasuref thelocal volumeelement.
Thedivergenceoperatoris

aui

u= ZZ: 8;1:1

_ Z Z a’f‘j 3u1

B y Z 0.1?1 Orj

Thedivergenceoperatorcanbewritten in consewation form for the computationalariablesr
1 1o} arj

1
= —Vr -U
87",

whereU; = J Z

Thisis calledconserationform for the variablesr sinceintegralsover dr spacecanbe expressedn a simpleform from which
thedivergencetheoremcanbeapplied:

Thelaplacianoperatoiin divergenceform now follows easily
1 0 or; 0¢
1 9] or; Ory, 0¢

The consewative differ enceapproximations to the divergenceandlaplacianare obtainedby discretizingthe above ex-
pressions.

Similarly theoperatofV - (a(x)V¢) is
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or; ary 0¢
(aVe) = ¢f§:e9 [Z:Jaéaﬁgenia%

A generalsecond-ordederiative, .., (a0, ¢), canbe written from the expressionfor the divergenceof a vectorwhose
mth components ad,.,, ¢ (andothercomponentgero),

0 09 1 0 or; 0¢
8xm [ (’)xn J; or; [Jaxm amn}
1 0 or; ar; O0¢
- J ; or; [J&L‘ma; 0y, 81"11
In two dimensionsve write the expressiorfor V - (aV¢) in moredetail
V(av(b)—l{i aJ %24’_%2 % +i aJ %2_’_%2 % +
—Jlor Oxq Oxy | Orp Ory Oxq Oxy | Org

0 <J|:8T1 87"2 67”1 81“2:| 8qb> 0 (J|:a’l“1 87"2 87‘1 a’l"2:| 8¢>}

871"1 8:51 6331 (9162 83?2 (97‘2 + (97’/“2 8.%1 81‘1 8:52 6332 (977“1

This expressiorcanbewritten in the simplifiedform
100 9o 9 B 9o Ao
. D B All 7 A227 7 A12 7 A217
v (av¢) J{aTl < 8T1> + 87“2 ( (97‘2> + (97‘1 ( 67“2) + 87“2 ( (97“1> }
whereA!? = A2, A second-orderaccurate compacidiscretizatiorto this expressioris

V- (@V9) % 2 { Do, (AL, D 1.0) + Dir, (A2, D 1,0) + Dor, (42Dor,0) + Dor, (4 Do, ) }

wherewe candefinethe cell averagevaluesfor A™" by

22

1
Al ~ (Al Al

11 —3

AZ |~ (AT AT

'Lz*—

We mayalsowantto usethe harmonic average

11 411
All ~ A All 1
7/1—* Al]. +All 1

whichis appropriatdf the coeficientsvary rapidly.
A fourth-order accurate approximationcanbe derived asfollows. A fourth-orderaccuratediscretizationto the second

derivative is
0%u h? 4
which canbe approximatelyfactorednto the product

2 2 2
O7u _ D, (1- %D+D_)] [D (1- Z—4D+D Y ui +0O(hY)

where
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is afourth orderaccurateapproximatiorto thefirst derivative at z; Iy Thus
9 (49 _[p (1—h—2D D_)| |A, 1D (1—h—2D D )| u; +O0(hY)
ar or) | F 24 imy oq )| Wi
is a fourth-orderaccurateconserative approximation.We canmake this a compacts point schemeby droppingthe highest

orderdifferencegwhichareO(h*) aryway)to give

0 ou h? h? 4
- (AE> - {D+(1 - ﬁmp)} [Ai,%D,} i — [Dy] {Ai%DﬁD+D} ui + O(hY)

or

2 B B 2
9 (AO_“_> _ {D+ (Ai% ~Ep,pa, - Aié%D+D> D} w +O(h*)

We approximate

9 1
A1 = E(Ai + A ) - E(Ai+1 + A ) +0(hY) * xcheckthis * x
. 1

Ay = 5(Ai+ Ain) +O(h?)

A consistenpproximatiorto the boundaryconditionn,,, - (aV¢), wheren,, is the normalto the boundarywith r,,, =
constant, canbe obtainedfrom the expressions

Vxl'm
nrn = T
IVxrmll
n (quﬁ)—a&(Vr(b + Vxradr,)
m - Hvx’]"m” x’1 T1 x’2 T2

= B'¢,, + B*¢,,

wherewe notethatthe operatorVV - (aV¢) containsthis expression:

V- (@¥0) = 5 3 (5o 19wl - (@90 )

(consistentwith the divergencetheorem). Thuswe shouldapproximatethe normal derivative at the boundarypoint ¢ asan
averageof theapproximationso n,, - (aV¢) atthepointsi — 3 andi + 3

1
2

1
N (aV6)i = 5 (BlLyDirdi+ By Diéin) + 5 (Bl Divady + Bl Diraj1)
Theseapproximationsmplicitly appeaiin thediscretizatiorof theoperatorVV - (aV¢). If we choosethe sameapproximations

in theboundaryconditionthentermswill cancelappropriately
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3 ClassGridCollectionOperators and ClassCompositeGridOperators

This classis usedto definedifferentialoperatordor realCompositeGridFunction 's. It usesthe MappedGridOper-
ators classto do this. The classCompositeGridOperators is actually derived from the classGridCollection-
Operators . Most of the memberfunctionsaredefinedin the baseclass. For the discussiorhere,howvever, we will pretend
thatthefunctionsaredefinedin classCompositeGridOperators

3.1 Public memberfunction and member data descriptions
3.1.1 Public enumerators

Herearethe public enumerators:

3.1.2 Constructors

GridCollectionOperators()

GridCollectionOperators( GridCollection & gridCollectionO )

Description: Construcia GridCollectionOperators

gridCollectionO (input): Associatethis grid with the operators.

Author: WDH

GridCollectionOperators( MappedGridOperators & op)

Description: Constructa GridCollectionOperatorasinga MappedGridOperators
op (input): Associatethis grid with theseoperators.

Author: WDH

3.1.3 Derivativesx,y,z,XxX,Xy,Xz,yy,yz,zz,laplacian,grad,dv

GridCollectionFunction
"deri vative”(constrealGridCollectionFunction & u,
constindex & N =nullindex

)
Description: "derivative” equalsoneof x, y, z, XX, Xy, Xz, Yy, yz, zz, laplacian grad,div.
u (input): Takethederivative of this grid function.
N (input): evaluatethederivativesfor thesecomponents.
return Value: Thederivative.

Return value: The derivative is returnedasa new grid function. For all derivativesbut grad anddiv the numberof com-
ponentsn theresultis equalto the numberof componentspecifiedby N (if N is not specifiedthenthe resultwill have
the samenumberof component®f the grid function being differentiated). The grad operatorwill have numberof
componentgqualto the numberof spacedimensionswvhile thediv operatowill have only onecomponent.

3.1.4 Derivative coefficients

GridCollectionFunction
"deri vativeCoefficients”(constindex & N =nullindex )

Description: "derivativeCoeficients” equaloneof xCoeficients,yCoeficients,zCoeficients xxCoeficients xyCoeficients,
xzCoeficients, yyCoeficients, yzCoeficients, zzCoeficients, laplacianCodfcients, gradCosficients, divCoeficients.
Computethe coeficientsof the specifiedderivative.

N (input): evaluatethe coeficientsfor thesecomponents.

return Value: Thederiative coeficients.
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3.1.5 get
int
get(constGenericDataBase dir, constaString & name)

Description: Getfrom a databaséile
dir (input): getfrom thisdirectoryof thedatabase.

name (input): thenameof thegrid functiononthedatabase.

3.1.6 put
int
put( GenericDataBase& dir, constaString & name)const

Description: outputontoa databaséile
dir (input): putontothisdirectoryof the database.

name (input): thenameof thegrid functiononthedatabase.

3.1.7 applyBoundaryCondition

void

applyBoundaryCondition(r ealGridCollectionFunction & u,
constindex & Components,
constBCTypes::BCNames& bcType = BCTypes::dirichlet,
constint & bc = BCTypes::allBoundaries,
constreal & forcing =0.,
constreal & time =0.,
constBoundaryConditionParameters &

bcParameters= Overtur e::defaultBoundaryConditionParameters())

void

applyBoundaryCondition(r ealGridCollectionFunction & u,
constindex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constRealArray & forcing,
constreal & time =0.,
constBoundaryConditionParameters &

bcParameters= Overtur e::defaultBoundaryConditionParameters())

void
applyBoundaryCondition(r ealGridCollectionFunction & u,
constindex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constrealGridCollectionFunction & forcing,
constreal & time =0.,
constBoundaryConditionParameters& bcParameters
= Overtur e::defaultBoundaryConditionParameters())

Description: Apply aboundaryconditionto agrid function. This routineimplementsvery boundaryconditionknown to man
(ha!)

u (input/output): applyboundaryconditionsto this grid function.
Components(input): applyto thesecomponents

bcType (input): thenameof the boundaryconditionto apply (dirichlet,neumann,...)
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bc (input): apply the boundaryconditionon all sidesof the grid wherethe boundaryConditiorarray (in the MappedGrid)
is equalto this value. By default bc=BCTypes allBoundaries applyto all boundariegwith a positive valuefor
boundaryCondition)To applyaboundaryconditionto a specifiedsideuse

e bc=BCTypes::boundaryl for (side,axis) = (0,0)

( )
e bc=BCTypes::boundary2  for (side, azis) = (1,0)
e bc=BCTypes::boundary3  for (side, azis) = (0,1)
e bc=BCTypes::boundary4  for (side,azis) = (1,1)
e bc=BCTypes::boundary5 for (side,azis) = (0,2)
e bc=BCTypes::boundary6  for (side,azis) = (1,2)
or usebc=BCTypes::boundaryl+side+3*axis for givenvaluesof (side, axis) (this could be usedin a loop,

for example).
forcing (input): Thisvalueis usedasaforcing for the boundarycondition,if needed.
time (input): applyboundaryconditionsat this time (usedby twilightZoneFlow)

bcParameters(input): optionalparametersre passedisingthis object. Seethe examplesfor how to passparametersvith
thisargument.

Limitations: only seconcorderaccurate.

void

applyBoundaryCondition(r ealGridCollectionFunction & u,
constindex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constRealDistributedArray & forcing,
constreal & time =0.,
constBoundaryConditionParameters &

bcParameters= Overtur e::defaultBoundaryConditionParameters())

3.1.8 applyBoundaryConditionCoefficients

void
applyBoundaryConditionCoefficients(realGridCollectionFunction & coeff,
constindex & Equations,
constindex & Components,
constBCTypes::BCNames&
bcType = BCTypes::dirichlet,
constint & bc =BCTypes::allBoundaries,
constBoundaryConditionParameters&
bcParameters= Overtur e::defaultBoundaryConditionParameters())

Description: Fill in the coeficientsof theboundaryconditions.
coeff (input/output): grid functionto hold the coeficientsof the BC.
t (input): applyboundaryconditionsatthistime.

Limitations: too mary to write down.

3.1.9 finishBoundaryConditions

void

finishBoundaryConditions(realGridCollectionFunction & u,

constBoundaryConditionParameters& bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constRange& CO =nullRange)
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Description: Call this routinewhenall boundaryconditionshave beenapplied.This functionwill fix upthesolutionvaluesin
cornersandupdateperiodicedges.

u (input/output): Grid functionto which boundaryconditionswereapplied.

bcParameters(input): SupplyparametersuchasbcRarameters.orderOfExtrapolatiarich indicatesghe orderof extrapola-
tionto use.

CO (input) : applyto thesecomponents.
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3.2 Example 1: Operators applied to a realCompositeGridFunction

In this examplewe usethe CompositeGridOperatoit® computesomederivatives. This exampleis similar to the example

describedn section(2.2), seethe commentgherefor moreinformation. (file Overture/examples/tcgo.C

1 #include "Overture.h"

2 #include "CompositeGridOperators.h"

3 I ==
4 Examples showing how to differentiate realCompositeGridFunctions

5 1 0 evaluate using the Xxy,... member functions

6 1 0 evaluate in an effficient manner by computing many derivatives at once.

7 ==
8 main(int argc, char *argv[])

9 {

10 Overture::start(argc,argv); /I initialize Overture

11

12 asString  nameOfOGFile;

13 cout << "Enter the name of the overlapping grid data base file " << endl

14 cin  >> nameOfOGFile;
15 ifCt  nameOfOGFile[0]!=""

16 nameOfOGFile="/home/henshaw/res/ogen/" + nameOfOGFile;
17
18 /Il create and read in a CompositeGrid

19 CompositeGrid  cg;
20 getFromADataBase(cg,nameOfOGFile);
21 cg.update();

22

23 Index 11,12,13;

24 Range all; /I null  Range (defaults to entire
25 realCompositeGridFunction u(cg,all,all,all,Range(0,0)), /I define some component grid
26 v2(cg,all,all,all,Range(0,0)),

27 v4(cg,all,all,all,Range(0,0)),

28 g(cg,all,all,all,Range(0,1)); /I q has 2 components

29

30 CompositeGridOperators operators(cg); /I define some differential operators
31 u.setOperators(operators); /I Tell u which operators to use
32 g.setOperators(operators);

33

34 for( int grid=0; grid<cg.numberOfComponentGrids(); grid++ )

35

36 MappedGrid & mg = cg[grid]; /I mgis an alias
37 getindex(mg.dimension(),I1,12,13); /I assign
38 u[grid](11,12,13)=sin(mg.vertex()(11,12,13,axis1))*cos(mg. vertex()(11,12,13,axi s2));

39 }

40

41 u.display("here is u");

42 operators.x(u).display("Here is operators.x(u)"); /I one way to compute u.X
43 u.x().display("Here is  ux"); /Il another way to compute u.x
44

45 v2=u.x(); /I save x derivative (2nd-order)

46

47 Range c0(0,0),c1(1,1);

48 q(c0)=1.; /I assign component 0 of q. This is cute but relatively
49 q(cl)=2.; /I assign component 1 of q.

50 g.display("here is q");

g% 0(c0)=q(c0)*q.x(c0)+q(c1)*q.y(c0);

53 operators.setOrderOfAccuracy(4); /I now compute to 4th order

54 va=u.x(); /Il save x derivative (4th-order)

55

56 operators.setOrderOfAccuracy(2); /I reset back to 2nd order

57

58 /I print the errors

59 real error;

60 for(  grid=0;  grid<cg.numberOfComponentGrids(); grid++ )

61 {

62 MappedGrid & mg = cg[grid]; /I mgis an alias
63 /I compute errors on interior points and boundary

64 getindex(mg.indexRange(),11,12,13); /I assign 11,12,13

65 error = max(fabs(v2[grid](11,12,13)- cos(mg.vertex()(11,12,13,axis1))*cos(mg.vertex()(11,12,13

66 cout << "Maximum error (2nd order) =" << error << endl;

67

68 error = max(fabs(v4[grid](11,12,13)-cos(mg.vertex()(11,12,13,axis1) )*cos(mg.vertex()(11
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cout << "Maximum error (4th order) =" << error << endl

}

/I Now we compute the derivatives in a more efficient way. To do this we loop over the
/I component grids.

/I  The arrays ux and uy are used to save the results in. These arrays are re-used for

/I the different component grids (thus saving space)

RealArray  ux,uy;

/I --- make a list of derivatives to evaluate on each component grid

for(  grid=0;  grid<cg.numberOfComponentGrids(); grid++ )
operators[grid].setNumberOfDerivativesToEvaluate( 2);
operators[grid].setDerivative Type( 0, MappedGridOperators::xDerivative, ux );
operators[grid].setDerivative Type( 1, MappedGridOperators::yDerivative, uy );
operators[grid].setOrderOfAccuracy(2);

}

/I Now evaluate the derivatives

for(  grid=0;  grid<cg.numberOfComponentGrids(); grid++ )

{

MappedGrid & mg = cg[grid];

/I compute the x and y derivatives of u and save in the arrays ux and uy
operators[grid].getDerivatives(u[grid],|1,12,13);

/Il this next line is another way to do exactly the same thing
u[grid].getDerivatives(I1,12,13);

error = max(fabs(ux(11,12,13)-cos(mg.vertex()(I11,12,13,axis1))*co s(mg.vertex()(11,12,13
cout << "Maximum error in ux: (2nd order) =" << error << endl
error = max(fabs(uy(11,12,13)+sin(mg.vertex()(11,12,13,axis1))*si n(mg.vertex()(11,12,13
cout << "Maximum error in uy: (2nd order) =" << error << endl

}

Overture::finish();
cout << "Program Terminated Normally! \n";
return  0;
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4 Boundary Conditions

Theboundaryconditionoperatorsiefinea“library” of elementanpoundaryconditionoperationghatcanbe usedio implement
applicationspecificboundaryconditions.Examplesf elementarypoundaryconditionsincludeDirichlet, Neumanrandmixed
conditions extrapolation settingthe normalcomponenbf a vectorandsoon.

Herearethe elementanpboundaryconditionsthataresupported

u=g dirichlet
dpu=g neumann
apu + a10,u =g mixed
(D4 )Pu =0 extrapolation(to p*" order)
(Dy)Pn-u=0 extrapolatenormalcomponentto pt* order)
(Dy)Pty,-u=0 extrapolatetangentiacomponentm=0,1
n-u=g normalComponent
a-u=y aDotU
ap0gzuy + a10yus + a20;usz =g generalizedDiergence
Aol + A1 Uz + A2Uy + Azt =g generalMiedDervative
u(—m) = u(+m) evenSymmetry
n-u(—m) =n-(2u(0) — u(+m)), vectorSymmetry
t-u(—m)=t-u(+m)
u— (n-un+g tangentialComponent
tm-u=g tangentialComponefin}, m=0,1
n-dyu=g normalDenvativeOfNormalComponent
tm-Opu=yg normalDervativeOfTangentialComponefin}, m=0,1
n-aVu=g normalDervativeScalarGrad

Herearepossiblefuture ones(let meknow if you needsomething)

(a-V)u=g aDotGradU
On(a-u) =g normalDervativeOfADotU

Thenotationu(—m) = u(+m) meanghatthe valueof the solutionon ghostline m is setequalto the valueon the m*” line
insidethedomain.Heren is theunit OUTWARD normalandd,, is thenormalderiative, 9,, = n - V, andt,, representshe
tangentvector(s).

Thereis alsoa extrapolatelnterpolationNeighbours boundaryconditiondescribedelow.

Therearetwo commonapproacheto implementingboundaryconditions

e Useghostpoints
e Do notuseghostpoints;insteaduseonesideddifferences.

On curvilineargrids my experienceis thatthe first approachis easier Moreover, usingonesideddifferenceds equialent
to usinga centreddifferenceon the boundaryand extrapolatingthe ghostpoint(s). Thuswe will only discusshow to assign
boundaryconditionsassuminghatwe areusingghostpoints.

Consideffirst the caseof a seconcrderaccuratanethod.Supposéehatall variableshave Dirichlet boundaryconditions.In
this casethe ghostpointsareprobablynot used;if they areit is usuallygoodenoughust to extrapolatethe ghostpoints.

1. extrapolateghostpoints

Dirichlet: { 2. applyDirichlet boundaryconditions

Now supposehat all variableshave a Neumannboundarycondition. In this casethe equationcanbe appliedup to and
includingthe boundary The Neumanrboundaryconditioncanbethoughtof asgiving thevalueat thefictitious points.

1. applyinterior equationonthe boundary

Neumann:{ 2. applyNeumanrboundaryconditions

Whenaboundaryconditionconsistof somevariablesbeinggivenDirichlet andsomegivenNeumanrboundaryconditions
it is oftenappropriatgo

1. applyinterior equationontheboundary

2. applythe Dirichlet Boundaryconditions

3. extrapolatevariableswith Dirichlet boundaryconditions
4. applyNeumanrboundaryconditions

Neumann/Dirichlet:
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Notethattheorderof applyingtheconditionsis important.For example theNeumanrconditionmayusevaluesof the Dirichlet
variableson theboundaryor onthe ghostpoints. In this casethe Neumanrconditionshouldbe appliedlast.
Now let usseesomeexamplesof how we canactuallyimplementthe abore procedures...

4.1 Example: apply boundary conditionsto a MappedGridFunction

TheapplyBoundaryCondition membeifunctionof theMappedGridOperators ~ oraMappedGridFunction  will

assignan elementaryboundarycondition, such as dirichlet , to all sidesof a MappedGrid mg wherethe valuesof
mg.boundaryCondition(side,axis) are equalto a specifiedpositive integer  Usually a solver will defineinteger
valuesfor non-elementarppoundaryconditionssuchas

const int inflow=1,
outflow=2,
wall=3;

Thevaluesof mg.boundaryCondition(side,axis) will thenbeassignedvith theappropriatesaluessuchas

mg.boundaryCondition(Start,axis1)=inflow;
mg.boundaryCondition(End ,axisl)=outflow;
mg.boundaryCondition(Start,axis2)=wall;

etc.

A functioncall of theform
realMappedGridFunction u(...)

int  component=0;
u.applyBoundaryCondition(component,dirichlet,inflow, 1.);

will assigraDirichletboundarycondition,u = 1, to component = 0 of u, onall sidesof thegrid wheremg.boundaryCondition(side,axis
Whenthe MappedGridOperators  applyBoundaryCondition functionis calledit loopsthroughall the bound-
ariesin thefollowing fashion:

ForBoundary(side,axis) /I loop over all faces

if(  c.boundaryCondition(side,axis)==bc
|| ( bc==allBoundaries && c.boundaryCondition(side,axis) > 0) )
{

switch ( bcType )

case dirichlet:

/Il assign dirichlet BC on this side
break;

case neumann:

/I assign dirichlet BC on this side
break;

TheenumatomllBoundaries is adefaultalgument.
The finishBoundaryConditions function shouldbe calledwhenall boundaryconditionshave beenapplied. This

routinewill assigrvaluesin cornersandupdateperiodicboundaries. N _ N
In this examplecodewe shav haw to assignandevaluateboundaryconditions.Applying boundaryconditionsto areal-
CompositeGridFunction worksin the sameway. (file Overture/examples/bcgf.C

4.2 Boundary Condition Descriptions

In this sectionwe describein somedetailhow eachelementanboundaryconditionis applied.
Definethefollowing valueswhich arefunctionsof theinput parameterso applyBoundaryCondition

void MappedGridOperators::
applyBoundaryCondition(realMappedGridFunction & u,
const Index & Components,
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const BCTypes::.BCNames & bcType, [* = BCTypes::dirichlet */

const int & bc, I* allBoundaries */
const real & forcing, * =0. *
const real & time, * =0. *
const BoundaryConditionParameters &
bcParameters /* = defaultBoundaryConditionParameters */,

const int & grid /* =0 * )

MappedGrid & mg = *u.getMappedGrid();
Range C = Components;

int nc = Components.getLength(); /I number of components

int nd = number of space dimensions

intArray & components = bcParameters.components;

bool componentsSpecified = components.getLength(0) > 0

int  lineToAssign = bcParameters.lineToAssign;

Index 11,12,13;

int side,axis; /I defines the face of the grid we are on

int grid; /I defines the grid number if from a gridCollectionFunction
getBoundarylndex(mg.gridindexRange,side,axis,|1,12,13,lineToAssign );

Range C1 = C-C.getBase()+forcing.getBase();
OGFunction e = twilight zone function (if  specified)

Therearealsoversionsof applyBoundaryCondition whereforcing isarealArray |, orarealMappedGrid-
Function orandarrayof realArray ’s.
Note: For boundaryconditionsthatnormallyassigrthevalueonthe boundary(suchasdirichlet or normalComponent
avaluecanbeassignedn a line otherthanthe boundaryby settingbcParameters.lineToAssign —avalueof zerois
theboundary1 thefirst ghostline and-1 thefirst interior line etc.

4.2.1 dirichlet

By defaultthedirichlet boundaryconditionassignsralueson the boundaryaccordingo the following

eu(mg, I11,12,13, fC,t) if twightZoneFlav==TRUE

forcing if forcingis areal

forcing(fC) if forcingis arealArraywith 1 arraydimension
u(l1, 12, I3, uC) = forcing(I11,12,13, fC) if forcingis arealArraythatis big enough

forcing(fC, side,axis, grid) if forcingis arealArraythatis big enough

forcing(11,12,13, fC) if forcingis agridFunction

HereuC andfC areintArraysand
w(I1,12,13,uC) = e.u(mg, I1,12,13, fC,t)
means
w(I1,12,13,uC(7)) = eu(mg, [1,12,13, fC(i),t) for i=uC.getBase(0),... ,uC.get Bound(0)
Thevaluesfoundin theintArraysuC andfC depencdbntheargumentgo applyBoundaryConditions . By default

uC(i) =i for i= C.getBase(),...,C.get Bound()
fC@G) =1 for i=C.getBase(),...,C.getBound()

However, if theargumentforcing  is a grid functionthenfC is definedsothatit’s baseis the sameasthe baseof the grid
functionforcing

fC (i) =i — C.getBase() + forcing.getBase() for i = C.getBase(),... ,C.getBound()

For arbitrarycontrolof whichcomponentso useonecandimensiorandsetoneor bothof theintArraysbcParameters.uComp-
onents andbcParameters.fComponents . Wheneitherof theseintArraysis given the algumentC' is ignored. The
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following statementslefinehow uC andfC aredeterminedn all casegwith uComponents :=bcParameters.uComp-
onents andfComponents :=bcParameters.fComponents )

C if neitheruComponentsiorfComponentss specified
uC = { uComponents if uComponents is given
b,b+1,.. if fComponents is specifiedout notuComponents , b=u.getComponentBase(0)
and
C if neitheruComponents norfComponents is specified
o= b,b+1, ... if asabove casebut with grid functionforcing, b=forcing.getComponentBase(0)
] fComponents if fComponents is given
b,b+1,.. if uComponents is specifiedout notfComponents , b=forcing.getComponentBase(0)
A valuecanbeassignean aline otherthanthe boundaryby settingbcParameters.lineToAssign —avalueof zero

is theboundary1 thefirst ghostline and-1 thefirst interior line etc.

Sometimes givenboundaryconditionsuchasdirichlet will needto usedifferentforcing valueson differentsidesof
differentgrids. Maybethedirichlet valueon onefaceis 1 while on anotherfaceit is 2. Thesedifferentvaluescanbe passed
with arealArray  forcing (they canalsobe passednoregenerallywith a grid function). If theforcing functionforce is

arealArray  with dimensionghatarelarge enoughthentheforcing for a givenface(side,axis) belongingto a given
grid will betakenasforce(fC,side,axis,grid) . If theforce arrayis notdimensionedarge enoughfor the given
index valuesof (side,axis,grid) thenforce(fC)  will beused.

4.2.2 neumann

For second-ordeaccurag the neumanrboundaryconditionwill assigrthevalueonthefirst ghostline fromn-Vu = g. Recall
thatn is the outwardnormal.

Define

Index 1g1,lg2,lg3;

getGhostindex(mg.gridindexRange,side,axis,lg1,1g2,1g3); /I first ghost line
Index Ipl,Ip2,lp3;

getGhostindex(mg.gridindexRange,side,axis,|p1,1p2,Ip3,-1); /I first line in

Onarectangulagrid the neumanrconditionis computedas
u(Igl, I92,193,uC) = u(Ipl, Ip2,Ip3,uC) + 2A%uxis g »
whereAz ;s is thegrid spacingn thedirectionnormalto the boundaryand
n - (euGrad(mg,I1,12,13, fC,t)) if twightZoneFlav==TRUE

forcing if forcingis areal
) forcing(fC) if forcingis arealArraywith 1 arraydimension
9= forcing(I11,12,13, fC) if forcingis arealArraythatis big enough
forcing(fC, side, axis, grid) if forcingis arealArraythatis big enough
forcing(11,12,13, fC) if forcingis agridFunction

and
e.uGrad(mg, I1,12,13, fC,t) = (e.ux(mg, I1,12,13, fC,t),e.uy(mg, I1, 12,13, fC,t),e.uz(mg, [1,12,13, fC.t))

Thedefinitionof theintArray’suC andfC aregivenin thecommentdor Dirichlet boundaryconditions.
Onacurvlineargrid u(Igl, I92, 193, uC) is determinedy imposingthe conditionn - Vu = g (ontheboundary).Thisis
doneby forming the matrix coeficientsfor n - V (ontheboundary)

e(M,I1,12,13) = n - (op.xCoef ficients(), op.yCoef ficientsI(), op.zCoef ficients())
(M representshe stencil,9 pointsor 27 points). Thenwe have anequationof theform

c(mo, 11,12, I3)u(Ig1, Ig2,1g3,C) = > e(m, I1,12,I3)u(I1(m), 12(m), I3(m), C) + forcing
m#mg

thatdetermines:(7g1, I¢2, I43,uC) (my is thestencilindex correspondindo the ghostline value).(Thecoeficientsareonly
computedncefor efficiency).
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4.2.3 mixed

For second-ordeaccurayg the mixedboundaryconditionwill assignthevalueon thefirst ghostline from thediscretizatiorof
apu+a1(n-Viju=g

wheren is theoutwardnormal.lt is assumedhata; # 0. Thevaluesof ag anda; arefoundin bcParameters.a . If bcPa-
rameters.a isdimensionedo beatleastaslargeasbcParameters.a(2,2,numberOfDimensions,numberOfGrids)
thenthe valuesfor ay anda; will be (a, a;)=bcParameters.a(0:1,side,axis,grid) whereside,axis,grid
denotetheparticularboundarywe areon. In thisway differentvaluescanbeusedon differentsidesof differentgrids. Otherwise
ag anday will be(ag, a1)=bcParameters.a(0:1) andthe samevalueswill beusedon all boundaries.

Sincefor non-rectangulagrids the matrix representinghe boundaryoperatoris saved (for efficiengy ) it is currently
assumedhatthevaluesa (0 : 1) do notchangerom onecall to thenext .

The mixed boundaryconditionis appliedin basicallythe sameway asthe neumann boundarycondition(seeabove for
moredetails).

4.2.4 extrapolate

Extrapolationdeterminesa value on a ghostlineby extrapolatingalongthe coordinatedirectionnormalto the boundary By
defaultthevalueonthefirst ghostlineis determinedisingseconcorderextrapolation:

u(lgl,1g2,1g3,uC) = 2u(11,12,13,uC) — u(Ipl, Ip2,Ip3,uC) + g,
or moregenerallyusingp!”*-orderextrapolation(p=1,...,10)
u(Igl,1g2,1g3,uC) = D% (u(I1,12,13,uC))+g,
Herethe extrapolationoperatoiis either D” or D” , chosersowe extrapolateinto theinterior of thegrid, and

e.u(mg,Igl, 192,193, fC,t) — DY (e.u(mg, I1,12,13, fC,t)) if twightZoneFlov==TRUE

forcing if forcingis areal
) forcing(fC) if forcingis arealArraywith 1 arraydimension

9= forcing(11,12,13, fC) if forcingis arealArraythatis big enough
forcing(fC, side, axis, grid) if forcingis arealArraythatis big enough
forcing(11,12,13, fC) if forcingis agridFunction

Thedefinitionof theintArray’suC andfC aregivenin thecommentdor Dirichlet boundaryconditions.

To extrapolatea differentline changebcParameters.ghostLineToAssign (default=1). To changethe order of
extrapolationsetbcParameters.orderOfExtrapolation (default=2).

4.2.5 normalComponent

ThenormalComponent boundaryconditionchangeshevaluesof « ontheboundary(or someotherline) to satisfyn-u = g¢.
This canbedoneby the projection

u(l1,12,13,uC) «—u(I1,12,13,uC) + [g — (n-u(l1,12,13,uC))|n

Theforcing for this boundaryconditionis determinedrom

n-ewu(mg, I1,12,13, fC,t) if twightZoneFlov==TRUE

forcing if forcingis areal

n - forcing(fC) if forcingis arealArraywith 1 arraydimension
g(I1,12,13) = n - forcing(fC, side,axis, grid) if forcingis arealArraythatis big enough

forcing(11,12,13) if forcing is ascalargridFunction

n - forcing(I1,12,13, fC) if forcing is avectorgridFunction

Thedefinitionof theintArray’suC andfC aregivenin thecommentdor Dirichlet boundaryconditions.
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4.2.6 tangentialComponent0,tangentialComponentl

ThetangentialComponentO andtangentialComponentl boundaryconditionschangehevalueof u onthebound-
ary (or someotherline) to satisfyt,,, - u = g form = 0orm = 1.

Therearetwo (or onein 2D) tangentvectorson a givenboundary Labelthe boundarywith thetwo integerers(axis, side)
where(axis =0, 1,2, side = 0, 1) for the6 faces Thetwo tangent/ectorsarethederivativeswith respecto thetwo tangential
unit squarecoordinatesy;,, wherethevaluesfor k£ areobtainedasa cyclic permutatiorstartingfrom thevalueof axis + 1,

k =azxis+m+1 mod number0fDimensions,

Thetangentvectorsarenormalizedo beunit length

0x/0ry, . . .
tym = ——, m=0,1, k=1,2(axis=0)ork=2,0(axis=1)ork =0,1 (axis =2
and are accessiblén a MappedGrid as the centerBoundaryTangent[axis][side](I1,12,13,0:nd-1,m)
(wherend=numberOfSpaceDimensions ).
Theseboundaryconditionsareappliedin the samemannerasthenormalComponent  boundarycondition,seethe com-
mentstherefor furtherdetails.

4.2.7 normalDerivativeOfTangentialComponent[0,1]

ThenormalDerivativeOfTangentialComponentO (ornormalDerivativeOfTangentialComponent1 ) bound-
ary conditionchangeghevaluesof v ontheghostline to satisfy
0
t - (=—u) =g.
(5w =9

wheret,,,, m = 0 (or m = 1) is thetangentvectorasdefinedin section(4.2.6) This is not really the normalderivative of the
tangentiacomponent:

9
on

unlessthetangentvectoris constantput it is closeandprobablygoodenoughfor mostpurposeg?).
Theforcing functionsfor this boundaryconditioncanbe of oneof the following forms

(tm-u) =g (notthis!)

tm - (n-V(ew(mg, I1,12,13, fC,t)) if twightZoneFlov==TRUE

forcing if forcingis areal
o(I1, 12, 13) = t - forcing(fC) if forcingis arealArraywith 1 arraydimension
U t - forcing(fC, side,axis, grid) if forcingis arealArraythatis big enough
forecing(I11,12,13) if forcingis a scalargridFunction
ty, - foreing(I1,12,13, fC) if forcingis avectorgridFunction

Thedefinitionof theintArray’suC andfC aregivenin thecommentdor Dirichlet boundaryconditions.

4.2.8 extrapolateNormalComponent,extrapolateTangential Component[0,1]

The extrapolateNormalComponent boundaryconditionchangeghe value of the normalcomponenof u on a ghost
line by extrapolationfrom interior values.This canbe doneby the projection

u(lgl,1g2,Ig3,uC) «— u(lgl, 192,193, uC)+ [g— (n-u(lgl,Ig2,1g3,uC))n
where((Ig1, I92, 1¢3) aretheindicesof theghostline andy is the extrapolatedvaluefrom interior points,for example,
g=2n-u(llg+1,129,13g,uC) —n-u(Ilg+1,12g,I3g,uC).

Thedefinitionof theintArray’s uC andfC aregivenin the commentdor Dirichlet boundaryconditions.

To extrapolatea differentline changebcParameters.ghostLineToAssign (default=1). To changethe order of
extrapolationsetbcParameters.orderOfExtrapolation (default=2).
TheextrapolateTangentialComponentO andextrapolateTangentialComponentl arethesameasextrapolateNorr

exceptthatthe normalvectoris replacedoy thetangentvectort,,, for m = 0 orm = 1.
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4.2.9 extrapolateTangentialComponent0.extrapolateTangentialComponentO,

Thetangentialcomponent®f a vectorgrid function canalsobe extrapolatedn a similar fashionto the extrapolateNor-
malComponent boundarycondition.

4.2.10 tangentialComponent

ThetangentialComponent boundaryconditionsetsthe valueof thetangentiacomponent(s).
WARNING: You cannotin generalusethis conditionon two adjacensidesof a grid andexpectthatthevalueatthe corneris
correctsincetherearetwo equationglefiningthe cornervalueandonly the lastoneappliedwill besatisfied(in general).

It changeghe valueof u on the boundaryto satisfyu — (n - u)n = g. Thisis done(without having to know tangential
vectors)by setting

u(l1,12,13,uC) < [n-u(l1,12,13,uC)n + g

If uC specifiesmore valuesthanthe numberof spacedimensionsthen the extra valuesare ignored. The forcing for this

boundaryconditionis determinedrom
kkkkkkkkhhkkkkkhkhkkkkkk fInISh th is kkkkkkkkkhkkkhkhhhkkkhhkhkrk

n-eu(mg,I1, 12,13, fC,t) if twightZoneFlov==TRUE

forcing if forcingis areal
g(I1,12,13) =< n- forcing(fC) if forcingis arealArray
forcing(11,12,13) if forcing is a scalargridFunction

n- forcing(I1,12,13, fC) if forcingis avectorgridFunction

4.2.11 evenSymmetry

The evenSymmetnboundaryconditiondetermineghe valueson the n*" ghostlineby settingthemequalto the valueson the
nt" linein:

u(Igl, Ig2,193,uC) = u(Ipl, Ip2,Ip3,uC) + g

where

g =eu(mg,Igl,Ig2,1g3, fC,t) — eu(mg, Ipl, Ip2,Ip3, fC,t) if twightZoneFlav==TRUE
By default thefirst ghostlineis assigned.To assigna differentghostlinesetbcParameters.ghostLineToAssign (de-
fault=1).

4.2.12 vectorSymmetry

Apply a symmetryconditionto avectoru = (ul,u2,u3) by makingn - u anodd functionwith respecto the boundaryand
t - u anevenfunction:

t-u(

. t-u(+m)
n - u(

n - (2u(0) — u(+m))

—m
—m

This conditioncanbe used for example,in afluids computatiorasa boundaryconditionfor the velocity ata symmetrywall -
thevelocity normalto thewall is oddwill thevelocitiestangentiako thewalls areeven.

The componentof « thatarechangedaregiven by u(71, 12, I3, uC). If uC specifiesmore valuesthanthe numberof
spaceadimensionghenthe extra valuesareignored.

To implementthe boundaryconditionwe first setall component®n theghostline:

u(Igl, Ig2,193,uC) = u(Ipl, Ip2, Ip3,uC) .

This will make all componentgven. We thenchangethe normalcomponenbn the ghostlineto make the normalcomponent
odd:

n-u(lgl,Ig2,1g3,uC)=mn-(2u(I1,12,13,uC) — u(lpl, Ip2,Ip3,uC)) + g
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where

g=n-(eu(mg,Igl, 192,193, fC(0),t) — 2e.u(mg, I1,12,13, fC(1),1)
teu(mg, Ipl, Ip2, Ip3, fC(2),1))  if twightZoneFlov==TRUE

This canbedoneby the projection

u(lgl,1g2,1g3,uC) «— u(lgl, Ig2,193,uC)+ (9 — (n- (u(lgl,Ig2,1g3,uC)— (2u(ll,12,13,uC)
*u(lpl,IpQ,Ip:;,UC)))))n

4.2.13 aDotU

TheaDotU boundaryconditionchangeshevaluesof u ontheboundaryto satisfya-u = g. Thiscanbedoneby theprojection

u(I1, 12, I3,uC) — u(I1,12,13,uC) + [g — (a-u(I1, I2, I3, uC))]@
The valuesof the vectora arefoundin the arraybcParameters.a(0:) . If uC specifiesmorevaluesthanthe numberof

spacalimensionghenthe extra valuesareignored. Theforcing for this boundaryconditionis determinedrom

a-eu(mg, I1,12,13, fC,t) if twightZoneFlav==TRUE
forcing if forcingis areal
(11,12, 13) = a- forcing(fC) if forcingis arealArraywith 1 arraydimension
AN a- forcing(fC, side,axis, grid) if forcingis arealArraythatis big enough
forcing(11,12,13) if forcing is a scalargridFunction
a- forcing(I11,12,13, fC) if forcing is avectorgridFunction

4.2.14 generalMixedDerivative

Thegeneramixedderivative boundaryconditionis
a(0)u + a(l)uz + a(2)uy +a(3)u, =g .

For a second-ordeaccurateadiscretizatiorthis conditionwill determinethe valueof « on thefirst ghostline.The valuesof the
vectora arefoundin thearraybcParameters.a(0:) . (To bewell definedthis meanghata - n # 0)
Theright-handsideis givenby

a(0)e.u(mg, Igl,1g2,Ig3, fC,t)
+a(l:3)-euGrad(l1,12,13, fC,t) if twightZoneFlav==TRUE

) forcing if forcingis areal
9= forcing(fC) if forcingis arealArraywith 1 arraydimension
forcing(fC, side, axis, grid) if forcing is arealArraythatis big enough
forecing(I11,12,13, fC) if forcing is agridFunction

To imposethis conditionthe matrix of coeficientsfor
a(0)I +a(l1:3)-V
is formed...
4.2.15 generalizedDiergence
This boundaryconditioncanbe usedto setthedivergence,V - u = g, of vectorgrid function,or moregenerallyto set
a(0)u(0)e + a(l)u(l)y +a(2)u(2), =g

Note that this is a single conditionimposedon a vector The valuesof the vector a are found in the array bcParame-
ters.a(0:) . If bcParameters.a  is notdimensionedhenby defaulta = (1,1, 1) (in which casethis conditionsetsthe
divergence V - u = g).
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If uC specifiesmorevaluesthanthe numberof spacedimensionghenthe extra valuesareignored. The forcing for this
boundaryconditionis determinedrom

a(0: 2) - euGrad(mg, I1,12,13, fC(0),t) if twightZoneFlov==TRUE

forcing if forcingis areal

g=1 a- forcing(fC) if forcingis arealArray
forcing(11,12,13) if forcingis ascalargridFunction
a- forcing(I11,12,13, fC) if forcingis avectorgridFunction

NOTE: This boundaryconditionusessomevalueson the ghostlinesof adjacentboundariesvhenapplyingthis equationat
corners.Thusyou must make sure that ghostline valueson adjacent boundaries have beenassignedbeforeapplyingthis
boundarycondition.

Method: In thecaseof arectangulagrid this conditionis rathereasyto apply. For example for theboundarywith z =constant
anda second-ordedifferenceapproximationve would solve

(u(0)i+1 — u(0)i—1)
2Ax

a(0)Dy,u(0) = a(0) = —a(1)Dgyu(1) —a(2)Dou(2) + g

for thevalueontheghostline, u(0);—, (left edge)or u(0);+1 (right edge).Here Dy, Do, andD, arethecenteredlifference
operatorsn thez, y, z—directions.

For ageneralcurvilineargrid we mustprojectthe valuesof u on the ghostline sothe conditionis satisfied.To do this we
form thediscreteapproximatiorto

a(0)u(0), + a(l)u(l)y + a(2)u(2): = g

ontheboundary This givesa stenciloperatorat eachboundarypointi = (i1, i, é3) of theform

E Cm * Witm = i . m = (M, ma, m3)
m

wherefor a 27 point stencil(or 9 pointin 2D) eachcomponenbf m rangesover —1 < m,, < +1. (Notethatthecornerpoints
in the stencilc,, areactuallyzerosinceonly first derivativesappeatin this boundarryconditionsothe stencilis really 7 point
(or 5 point).) If we solve this equationfor the unknavn valueof ¢y, - ui.m 0ntheghostpoint, say ¢(_1 0,0y * Wit (—1,0,0), iN
termsof theknown valuesof u onthe boundaryandthe interiorthenwe areled to the equation

C(=1,0,0) - Wit (=1,0,0) = Ji — Z Cm " Wiym (2
m#(—1,0,0)

thatmustbe satisfied.This equationlooksjustlike oura - u = g boundaryconditionsowe canapplythe sameformula

uy —uy —(g—a-uy)

wherea = c(_1 0,0y andg is theright handsideof (2). Notethatwe areableto changeheappropriateeomponendf u(_; g o)
without having to decomposé¢he operatorinto tangentiandnormalcomponents.

4.3 extrapolatelnterpolationNeighbours

Extrapolatehe unusedpointsthatlie next to interpolationpoints. This boundaryconditionis usefulif onehasa secondorder
methodwith fourth-orderartificial viscosity This routinewill fill in valuesneededby the larger stencil of the fourth-order
artificial viscosity Thisis oftenagoodenoughsolution,ratherthancreatinganoverlappinggrid with two linesof interpolation
(discretizatiorwidth = 5).

Note: the"corners” next to interpolationpointsare not assignedpnly the neighbourghatlie alongoneof the coordinate
directions.Sothepointsmarked”e” below areassigned

eee

el I | e=extrapolate
el I XX I= interpolation pt
el XXX X= discretaization pt
el XXX
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4.4 Boundary conditions at corners (and edgesin 3D)

Thecornersof agrid areassignedy finishBoundaryConditions . By defaultthe cornersareextrapolatecbut thereare
otheroptionsfor assigninghecornerggivenby thefollowing enumfoundin the BoundaryConditionParameters class

enum CornerBoundaryConditionEnum

{

extrapolateCorner,
symmetryCorner,
taylor2ndOrder

%

To setthe conditionsusedon a particularcornerfirst setthe propertyin a BoundaryConditionBrameter®bjectandthenuse
this objectwhenassigningooundaryconditions:

bcParams.setCornerBoundaryCondition(cornerBC,sidel,side2,side3);

Heresidel ,side2 ,side3 equaloneof = —1,0,1. If all threevaluesarefrom 0, 1 thenthis definesa corner If oneof the
valuesis —1 thenthis definesanedgealongthataxis.
Thesymmetry boundaryconditionsets

u(=1,-1,-1) = u(1,1,1) etc.

Thetaylor2ndOrder boundaryconditionuses(in 2D)

u(+1,+1) = u(0,0) + Aru, + Asus + Ar2/2urr + ArAsu,s + ASQ/QUSS + ...
u(—1,-1) = u(0,0) — Aru, — Asug + Ar? /20y, + ArAsu,, + As?/2ugs + ...
u(=1,-1) = wu(1,1) = 2Aru, — 2Asu, + O(Ar° +...)

u, = (u(1,0) —u(—1,0))/(2Ar) + O(Ar?)

to give theapproximation

u(=1,-1) = u(1,1) — (u(1,0) — u(—1,0)) — (u(0,1) — (0, —1))
The taylor2ndOrder boundaryconditionwill reduceto a symmetryboundaryconditionif the neighbouringpointsalso
satisfythe symmetrycondition.

4.5 BoundaryConditionParameters: passingoptional parametersfor boundary conditions

Use this classto passoptional parametergo the boundarycondition routines. Seesection(4.1) for an example codethat
demonstratethe useof this class.

4.5.1 Applying aboundary condition to a portion of a boundary

Normally a boundaryconditionis appliedto the whole side (or face). To apply a given boundaryconditionto only somepart
of asideonecanusethemask arraythatlivesin the BoundaryConditionBrameter®bject.

4.5.2 constructor

BoundaryConditionParameters()

Description: This classis usedto passoptionalparameterso the boundaryconditionroutines.
Optional parameters: Thefollowing parameterarepublic memberof this class:

int lineToAssign: applyDirichlet BC onthisline.

int orderOfExtrapolation: orderof extrapolationfor variousBC's. A valuej 0 meansauseorderOfExtrapolation=8or
2nd-orderaccurag andorderOfExtrapolation=%or fourth order

int orderOfinter polation: notusedyet(?)
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int ghostLineToAssign: assigrthis ghostline (variousbc’s)

IntegerArray components: holdscomponentso assignfor variousBC's

IntegerArray uComponents,fComponents:holdscomponents$o assignfor variousBC's

RealArray a,b0,b1,b2,b3: hold parameteror variousBC'’s

int useMask : if TRUE usethe mask(below) to determinewhereboundaryconditionsshouldbe applied.

IntegerArray mask : supplya maskarrayto indicatewherethe BC's shouldbe applied. This arrayis only usedif
useMask=TRJE.

Example: This exampleshavs how to extrapolateto order4:

BoundaryConditionParameters bcParams;
bcParams.orderOfExtrapolation=4;

int  wall=3;

real value=0., time=0.;
u.applyBoundaryCondition(0,BCTypes::extrapolate,wall,value,time,bc Params);

4.5.3 setComerBoundaryCondition
int
setComerBoundaryCondition( CornerBoundaryConditionEnum bc)

Description: Specifythe boundaryconditionsfor the cornersandedges.

bc (input) : usethisboundaryconditionon all cornersandedges.

4.5.4 setComerBoundaryCondition

int

setComerBoundaryCondition( CornerBoundaryConditionEnum bc, int sidel,int side2,int side3=-1)
Description: Specifytheboundaryconditionsfor the cornersandedges.

bc (input) : usethis boundaryconditionon the specifiedcorneror edge.

sidel,side2,side8nput): To indicatea corner eachof sidel,side2andside3shouldbe eitherQ or 1; the cornerwill thenbe
(r1 = sidel,ry = side2,r3 = side3). To indicateanedgesetoneof sidel,side2,sidet® be —1 andthe othersto be 0
or 1. If sidel==-1thenthe edgewill beparallelto axisl: (r; = [0, 1], 72 = side2,r; = side3). if side2==-1thenthe
edgewill beparallelto axis2: (r1 = side,r3 = [0,1],r3 = side3) etc.

4.5.5 cornerBoundaryCondition

CornerBoundaryConditionEnum
getComerBoundaryCondition( int sidel,int side2,int side3=-1) const

Description: Returntheboundaryconditionthatappliesto a corneror edge.

4.5.6 setUseMask
int
setUseMask(inttrueOrF alse=TRUE)

Description: Turnon (or off) theuseof the maskarrayfor selectvely applyingboundaryconditionsat certainpoints.
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45.7 getUseMask
int
getUseMask()const

Description: Returnthecurrentvalueof theuseMaskKlag.

4.5.8 mask()
intArray &
mask()

Description: Returna referenceo the boundaryconditionmaskarray It is up to the userto dimensionthis arrayto be the
correctsize.

If setUseMask(trud)asbeencalledthenary boundaryconditionwill only beappliedwherethemaskarrayhasnon-zero
values.

The applyBoundaryConditiomoutine will evaluatethe mask on a given side accordingto the value of bcRarame-
ters.lineDAssign,by default this will bethe boundaryitself.

getGhostindex( c.indexRange(),side,axis,|1,12,13,bcParameters.lineToAssign);
where(  mask(I1,12,13) )
apply the boundary condition

4.5.9 getVariableCoefficients

RealMappedGridFunction*
getVariableCoefficients()const

Description: Returna pointerto the grid function thatwas previously suppliedthrougha call to setVariable Coeffi-
cients( RealMappedGridFunction & var ). Do notusethisversionif youinitially passedgrid collection
function.

4.5.10 getVariableCoefficients

RealMappedGridFunction*
getVariableCoefficients(constint & grid) const

Description: Returna pointerto the grid function that was previously suppliedthrougha call to setVariableCoeffi-
cients( RealGridCollectionFunction & var ).

grid (input) : returnthemappedGridFunctiofor this componengrid.

45.11 setVariableCoefficients

void
setVariableCoefficients(RealMappedGridFunction & var )

Description: Supply a grid function for variable coeficients. The meaningof the grid function dependsn the boundary
conditionto whichit is applied.A referenceo ‘var’ will bekept.

var (input) : coeficientvaluesfor a boundaryconditionthatrequiresvariablecoeficients. This grid functioncouldonly live
onasingleboundanyif thereis only oneboundarywherethevaluesareneeded.
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4.5.12 setVariableCoefficients

void
sdt\ariableCoefficients(RealGridCollectionFunction & var )

Description: Supply a grid function for variable coeficients. The meaningof the grid function dependon the boundary
conditionto whichit is applied. A referenceo ‘var’ will bekept. NOTE: This grid functionwill take precedencever
ary variablecoeficientsspecifiedthroughthe setVariableCoefficients( RealMappedGridFunction &
var ),i.e. A GridCollectionFunction will beusedbeforea MappedGridFunction

var (input) : coeficientvaluesfor a boundaryconditionthatrequiresvariablecoeficients. This grid function couldonly live
onasingleboundanyif thereis only oneboundarywherethevaluesareneeded.

4.5.13 setRefinementLeelToSoleFor

void
setRefinementLeelToSoheFor( int level)

Description:

level (input) : indicatethata particularrefinementevel is beingsolvedfor.

4.5.14 setBoundaryConditionForcingOption
int
setBoundaryConditionForcingOption( BoundaryConditionForcingOption option )

Description:

option (input) : specifytheform of theright-hand-sddor the boundarycondition.

4.5.15 getBoundaryConditionForcingOption

BoundaryConditionForcingOption
getBoundaryConditionForcingOption() const

Description:

Return value: theform of theright-hand-sddor the boundarycondition.

4.6 How to write your own boundary conditions

If you needto assigna boundaryconditionthatis not of the form of oneof theimplementecelementanpboundaryconditions
thenyou canwrite aloop somethindik e thefollowing

Index 1b1,Ib2,1b3, 119,129,134, 11p,12p,13p;
int  myBoundaryCondition = .

/I apply Boundary conditions

for( int axis=0; axis<mg.numberOfDimensions; axist+ )
for( int side=Start; side<=End; side++ )
{ /Il apply a BC:
ift  mg.boundaryCondition(side,axis) == myBoundaryCondition )

{ /I Index’s for boundary values:
getBoundaryIndex(mg.gridindexRange,side,axis,|b1,1b2,Ib3);
/Il Index's  for first ghost line
getGhostindex(mg.gridindexRange,side,axis,lg1,192,lg3,1);
/I Index's  for first interior line
getGhostindex(mg.gridindexRange,side,axis,Ip1,1p2,Ip3,-1);

u(lb1,1b2,1b3)=...; /I set boundary values
u(lgl,1g2,1g3)=u(lp1,Ip2,Ip3); /I set ghost values to first line in
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5 Implicit operatorsand Coefficient Matrices

TheMappedGridOperator  functionssuchaslaplacianCoefficient , XCoefficient etc.generata “coefficient-
matrix” (sparsematrix representationfor the indicatedoperator In this sectionwe describehow coeficient-matriceccanbe
createdo definea systemof equationgor a PDE boundary-alueproblem.

To createa coeficient matrix you shouldcreatea grid functionin thefollowing way

MappedGrid mg; // from somewhere

int  stencilSize=9; /I number of points in the stencil, 9 points assuming 2D
realMappedGridFunction coeff(mg,stencilSize,all,all,all);
coeff.setlsACoefficientMatrix(TRUE,stencilSize);

Fromthis declarationve seethethe elementof the stencilarestoredas

coeff(m,I1,12,13) m=0,1,...,stencilSize-1
where
Index 11,12,13 : Index’'s for the grid function coordinate dimensions

Thusall the coeficientsof the stencilarestoredin thefirst componentFor example,a nine pointapproximatiorto the Laplace
operatomight be storedas

coeff(6,11,12,13)=0 coeff(7,11,12,13)=1 coeff(8,11,12,13)=0
coeff(3,11,12,13)=1 coeff(4,11,12,13)=-4 coeff(5,11,12,13)=1
coeff(0,11,12,13)=0 coeff(1,11,12,13)=1 coeff(2,11,12,13)=0

Thetypical userwill notneedto know exactly how the coeficientsarestored(indeed thereis morethanonestoraggormat).
This representatiorof the sparsematrix shouldreally be hidden. It is useful, however, to have anideaof the format of the
matrix coeficientarray Theactualrepresentatiors storedin anobjectof type SparseRep . Seesection5.7for moredetails.

Oncea coeficient-matrixgrid-functionhasbeendeclared the sparsematrix representinga PDE boundaryvalue problem
canbeformedasfollows

MappedGridOperators op(mg); /I create some differential operators
op.setStencilSize(stencilSize);
coeff.setOperators(op);

coeff=op.laplacianCoefficients(); /I get the coefficients for the Laplace operator
I Aill in the coefficients for the boundary conditions

coeff.applyBoundaryConditionCoefficients(0,0,dirichlet,allBoundari es); /I equations  on boundary
coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,allBounda ries); /I equations on the ghost line

coeff.finishBoundaryConditions();

In this examplewe form the Laplaceoperatorwith Dirichlet boundaryconditions. By default one ghost-lineis usedso
we mustsupplyequationghere. (Seethe descriptionof the MappedGridFunction ~ memberfunction setlsACoeffi-
cientMatrix for detailson how to changethe numberof ghostlineghatareused.)Thecoeff grid functioncanbegiveto
asparsenatrix solver, suchasOges. Seetheexamplesfor moredetails.

Let us considey in a bit more detail, what happensn the abose example. Let us supposehat the we are dealingwith
a simple one-dimensionadjrid correspondingo a line on the unit interval andthat we have one ghostline value. After the
line coeff=op.laplacianCoefficients(); is executedthe sparsematrix will befilled in (at all interior pointsand
boundarypoints)with adiscreteapproximatiorto theLaplacianresultingin a(sparseyepresentatiofor thefollowing matrix

0 0 0 i=—1 (ghostline)
7z —{% = 0 . i=0
0 = —@ 2 O i=1
0 0 72 —% =2 0 i=2
R
i 0 0 0 i=N+1 (ghostline)

Sofarno equationis appliedatthe ghostlines(first andlastrows). Internallythis matrix is storedin a sparseashionwith only
3valuesstoredperrow (actuallywe needd valuesperrow in 1D sincetheextrapolationequation$elov used pointsby default).
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After thedirichletboundaryconditionis appliedwith coeff.applyBoundaryConditionCoefficients(0,0,dirichlet,allBoundari
theequationon the boundarywill bereplacedwith theidentity operator Theresultingmatrix is

0 0 0 o i =—1 (ghostline)
0 1 0 0o ... i=0
0 = AY% &= 0 ... i=1
0 0 4 —3& gz O i=2
0 0 1 0 i=N
i 0 0 0| i=N+1 (ghostline)
Finally thevaluesatthe ghostpointsareassignedisingextrapolation,
[1 -3 3 -1 i i=—1 (ghostline)
0 1 0 0o ... i=0
1 2 1 g
0 0 0 10 i=N
i 0 -1 3 =3 1| i=N+1 (ghostline)

If we wantedto applya Neumanrboundaryconditionwe couldhave said

coeff=op.laplacianCoefficients(); /I get the coefficients for the Laplace operator

coeff.applyBoundaryConditionCoefficients(0,0,neumann,allBoundaries ); /I equations on the ghost line
coeff.finishBoundaryConditions();
whichwould resultin the following matrix:
r 1 1 — . .
7 0 ~an 0 i=—1 (ghostline)
77 —p 7z O i =0
h? {LQ h? T t=
_2 1 0 =1
h? W2 h22 1 T t=
1 2 1 s
i . 0 -5 0 5 | i=N+1 (ghostline)

Notethatthe equationis appliedon the boundaryandthe Neumanrconditionis the equatiornthatsitsa the ghostline.

Givenoneof theabove matricesit is now apparenhow we mustfill-in the right-hand-siddunctionwhenwe aregoingto
solve a problem.In thedirichlet boundaryconditioncasewe shouldgive the RHS for the Laplaceoperatoy u,, = f(x) atall
interior pointsandthe dirichlet BC values,u = g(x), onthe boundary(by default the Ogessolver will fill in zerovaluesatall
extrapolationequationsptherwisewe would have to setthe ghostline valuesto zero).

In the neumanrcasewe shouldgive the RHS for the Laplaceoperatorat theinterior and the boundaryandwe shouldgive the
RHSfor the neumanrcondition,0u/on = k(x), attheghostline. In this casethe RHS vectorwould look like
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5.1 Poissonsequationon a MappedGrid

OCoo~NoOUhWNE

For a systemof equationghe situationis a bit morecomplicatedbut asfor a singleequationall coeficientsof the stencil

appeatin thefirst component.

MappedGridOperators op(mg);
op.setStencilSize(stencilSize);

op.setNumberOfComponentsForCoefficients(numberOfComponentsForCoeff
coeff.setOperators(op);

I

Form a system of equations for (u,v)
al( uxx +uyy ) +a2vx =10
a3( vxx +vyy ) +ad*tuy =f1

BC's: u=given on all boundaries

v=given on inflow
v.n=given  on walls

const int al=1l.,, a2=2.,, a3=3., a4=4,;

I

const int al=1.,, a2=0.,, a3=1.,, a4=0,

/I create

coeff=al*op.laplacianCoefficients(all,all,all,0,0)+a2*op.xCoeffic
+a3*op.laplacianCoefficients(all,all,all,1,1)+a4*op.yCoefficients

coeff.applyBoundaryConditionCoefficients(0,0,dirichlet,
coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,allBounda

I

coeff.display("Here is coeff after dirichlet/extrapolate

coeff.applyBoundaryConditionCoefficients(1,1,dirichlet,
coeff.applyBoundaryConditionCoefficients(1,1,extrapolate,inflow);
coeff.applyBoundaryConditionCoefficients(1,1,neumann,

I

coeff.display("Here

coeff.finishBoundaryConditions();

Seeexample2 for moredetails.

is coeff with dirichlet

some operators

icients);

ients(all,all,
(all,all,all, 1,

allBoundaries);

inflow);

wall);

ries);

BC's for (0)

"),

(0) and neumann BC’'s on wall

all

@m;

In this examplewe solve Poissors equationon a MappedGrid(file Overture/examples/tcm.C

Coefficient Matrix ~ Example

Solve Poisson’s equation on a MappedGrid

o first solve with Dirichlet BC's

o secondly solve with Dirichlet on some sides

and Neumann on others

It

#include  "Overture.h"

#include  "MappedGridOperators.h"
#include  "Oges.h"

#include  "SquareMapping.h"
#include  "OGPolyFunction.h"

#define  ForBoundary(side,axis) for(  axis=0;

int

for( side=0; side<=1; side++

main(int argc, char *argv[])

{

Overture::start(argc,argv); /I initialize

int  n=11;

/I cout << "Enter Oges::debug, n (number

/I cin >> Oges::debug >> n;

/I make some shorter names for readability
BCTypes::BCNames dirichlet

neumann

extrapolate

allBoundaries

SquareMapping map;

int  numberOfGridLines=n;
map.setGridDimensions(axis1,numberOfGridLines);
map.setGridDimensions(axis2,numberOfGridLines);

MappedGrid mg(map);

Overture

of grid lines)\n";

BCTypes::dirichlet,
BCTypes::neumann,
BCTypes::extrapolate,
BCTypes::allBoundaries;
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int  side;
for(  side=Start; side<=End; side++ )
{

mg.setNumberOfGhostPoints(side,axis1,2);
mg.update(MappedGrid:: THEvertex | MappedGrid::THEcenter | MappedGrid::THEvertexBoundaryNormal);
/I label boundary conditions
const int inflow=1, outflow=2, wall=3;
mg.boundaryCondition()(Start,axis1)=inflow;
mg.boundaryCondition()(End ,axisl)=outflow;
mg.boundaryCondition()(Start,axis2)=wall;
mg.boundaryCondition()(End ,axis2)=wall;
/I create a twilight-zone function for checking errors
int  degreeOfSpacePolynomial =2
int  degreeOfTimePolynomial = 1;
int  numberOfComponents = mg.numberOfDimensions();

OGPolyFunction  exact(degreeOfSpacePolynomial,mg.numberOfDimensions(),numberOfCo
degreeOfTimePolynomial);

/I make a grid function to hold the coefficients

Range all;
int  stencilSize=int( pow(3,mg.numberOfDimensions()) );
realMappedGridFunction coeff(mg,stencilSize,all,all,all);

coeff.setlsACoefficientMatrix(TRUE,stencilSize);

/I create grid functions:
realMappedGridFunction u(mq),f(mg);

MappedGridOperators op(mg); /I create some differential
op.setStencilSize(stencilSize);
coeff.setOperators(op);

coeff=op.laplacianCoefficients(); /I get the coefficients for the Laplace
iflt  Oges:debug & 64 )

coeff.display("Here is coeff=laplacianCoefficients");
I Aill in the coefficients for the boundary conditions
coeff.applyBoundaryConditionCoefficients(0,0,dirichlet,allBoundari es);
coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,allBounda ries);

coeff.finishBoundaryConditions();

Oges solver( mg); /I create a solver
solver.setCoefficientArray( coeff ); /I supply coefficients
/I assign the rhs: u.xx+u.yy=f, u=exact on the boundary
Index 11,12,13, lal,la2,l1a3;

getindex(mg.indexRange(),11,12,13);

f(11,12,13)=exact.xx(mg,11,12,13,0)+exact.yy(mg,1,12,13,0);
int  axis;

Index Ibl,Ib2,Ib3;

ForBoundary(side,axis)

ift  mg.boundaryCondition()(side,axis) > 0)

{
getBoundarylndex(mg.gridindexRange(),side,axis,|b1,1b2,Ib3);
f(Ib1,1b2,Ib3)=exact(mg,Ibl,Ib2,Ib3,0);

}

}

solver.solve( uf ) /I solve the equations

/I u.display("Here is the solution to  u.xx+u.yy=f");

real error=0.;

error=max(error,max(abs(u(l1,12,13)-exact(mg,11,12,13,0))) );
printf("Maximum error  with dirichlet bc's=  %e\n",error);

Il e

[/ Neumann BC's ----
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mg.boundaryCondition()(Start,axis1)=wall;
mg.boundaryCondition()(End ,axisl)=wall;
mg.boundaryCondition()(Start,axis2)=wall;

mg.boundaryCondition()(End ,axis2)=wall;

coeff=op.laplacianCoefficients(); /I get the coefficients for the Laplace operator
I Aill in the coefficients for the boundary conditions
coeff.applyBoundaryConditionCoefficients(0,0,dirichlet, inflow);
coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,inflow);
coeff.applyBoundaryConditionCoefficients(0,0,dirichlet, outflow);
coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,outflow) ;
coeff.applyBoundaryConditionCoefficients(0,0,neumann, wall);

coeff.finishBoundaryConditions();
f(11,12,13)=exact.xx(mg,I1,12,13,0)+exact.yy(mg,I1,12,13,0);

Index 1g1,lg2,1g3;
bool singularProblem=TRUE;
ForBoundary(side,axis)

ift  mg.boundaryCondition()(side,axis) ==wall )

{ /I for Neumann BC's -- fill in f on first ghostline
getBoundarylndex(mg.gridindexRange(),side,axis,|b1,1b2,Ib3);
getGhostindex(mg.gridindexRange(),side,axis,lg1,1g2,1g3);

realArray & normal = mg.vertexBoundaryNormal(side,axis);
ift  mg.numberOfDimensions()==2 )
f(lg1,1g2,1g3)=

normal(lb1,1b2,1b3,0)*exact.x(mg,lb1,1b2,1b3,0)
+normal(lb1,1b2,1b3,1)*exact.y(mg,lb1,1b2,1b3,0);
else
f(lg1,1g2,1g3)=
normal(lbl,Ib2,Ib3,0)*exact.x(mg,Ibl,Ib2,Ib3,0)
+normal(lb1,Ib2,lb3,1)*exact.y(mg,lb1,Ib2,1b3,0)
+normal(lb1,1b2,1b3,2)*exact.z(mg,lb1,1b2,1b3,0);
}
else if(
{
singularProblem=FALSE;
getBoundarylndex(mg.gridindexRange(),side,axis,|b1,1b2,Ib3);
f(Ib1,1b2,Ib3)=exact(mg,Ibl,Ib2,Ib3,0);

mg.boundaryCondition()(side,axis) ==inflow

}
}
/Il if the problem is singular Oges will add an extra
if(  singularProblem )

solver.set(OgesParameters:: THEcompatibilityConstraint, TRUE);

Il mg.boundaryCondition()(side,axis)

constraint equation to make the system

/I Tell the solver to refactor the matrix since the coefficients have changed
solver.setRefactor(TRUE);
/I we need to reorder too because the matrix changes a lot for the singular case
solver.setReorder(TRUE);
if(  singularProblem )
{
/I we need to first initialize the solver before we can fill in the rhs for the compatbility
solver.initialize();
int ne,ile,i2e,i3e,gride;
solver.equationTolndex( solver.extraEquationNumber(0),ne,ile,i2e,i3e,gride);
getindex(mg.dimension(),11,12,13);
f(ile,i2e,i3e)=sum(solver.rightNullVector[0](I1,12,I3)*exact( mg,11,12,13,0,0.))

}

solver.solve( uf ) /I solve the equations
getindex(mg.indexRange(),lal,la2,la3,1); /I include
/I mg.indexRange().display("Here is mg.indexRange()");
/I lal.display("Here is lal");

error=max(error,max(abs(u(lal,la2,la3)-exact(mg,lal,la2,la3,0
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180 /I abs(u(lal,la2,la3)-exact(mg,lal,la2,la3,0)).display("abs(er ron)");
181 printf("Maximum error  with neumann bc's=  %e\n",error);

182

183

184 Overture::finish();

185 return(0);

186 }

187

5.2 Systemsof Equations on a MappedGrid

In thegeneralkcaseonecandefinea matrix for aboundary-alueproblemfor a systemof equations....
In this examplewe generatehe matrix correspondingo the following systemof equations

a1Au+ asv, —u = go
asAv+aguy = ¢1
u=g¢g9 , v,=g1 ontheboundary
Notethe useof theidentityCoefficents operator
(file Overture/examples/tcm2.C )
1 =
2 1 Coefficient Matrix ~ Example
3 1 Solve a system of equations on a MappedGrid
4
5 #include  "Overture.h"
6 #include "MappedGridOperators.h"
7 #include "Oges.h"
8 #include  "SquareMapping.h"
9 #include  "AnnulusMapping.h"
10 #include "OGPolyFunction.h"
11 #include “display.h"
12
13 #define  ForBoundary(side,axis) for( axis=0; axis<mg.numberOfDimensions(); axis++ ) \
14 for( side=0; side<=1; side++ )
15 int
16 main(int argc, char *argv[])
17 {
18 Overture::start(argc,argv); /I initialize Overture
19 /Il cout << "Enter Oges:debug\n”; cin  >> Oges::debug;
20
21 /I make some shorter names for readability
22 BCTypes::BCNames dirichlet = BCTypes::dirichlet,
23 neumann = BCTypes::neumann,
24 extrapolate = BCTypes::extrapolate,
25 allBoundaries = BCTypes::allBoundaries;
26
27 /I AnnulusMapping  map; /I switch this with the line below to get an Annulus
28 SquareMapping  map;
29 map.setGridDimensions(axis1,5);
30 map.setGridDimensions(axis2,5);
31
32 MappedGrid mg(map);
33 mg.update(MappedGrid:: THEvertex | MappedGrid::THEcenter | MappedGrid::THEvertexBoundaryNormal);
34
35 /I label boundary conditions
36 const int inflow=1, wall=2;
37 mg.boundaryCondition()(Start,axis1)=inflow;
38 mg.boundaryCondition()(End ,axis1)=inflow;
39 mg.boundaryCondition()(Start,axis2)=wall;
40 mg.boundaryCondition()(End ,axis2)=wall;
41
42 /I create a twilight-zone function for checking errors
43 int  degreeOfSpacePolynomial =2
44 int degreeOfTimePolynomial = 1;
45 int  numberOfComponents = mg.numberOfDimensions();
46 OGPolyFunction  exact(degreeOfSpacePolynomial,mg.numberOfDimensions(),numberOfCo mponents,
47 degreeOfTimePolynomial);
48
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/I make a grid function to hold the coefficients
Range all;
int  stencilSize=int( pow(3,mg.numberOfDimensions()) );

int  numberOfComponentsForCoefficients=2;
int  stencilDimension=stencilSize*SQR(numberOfComponentsForCoefficients

realMappedGridFunction coeff(mg,stencilDimension,all,all,all);

/I make this grid function a coefficient matrix:

int  numberOfGhostLines=1; /I we will solve for values including
coeff.setlsACoefficientMatrix(TRUE,stencilSize,numberOfGhostLines,

coeff=0.;

MappedGridOperators op(mg); /I create

op.setStencilSize(stencilSize);
op.setNumberOfComponentsForCoefficients(numberOfComponentsForCoeff
coeff.setOperators(op);

/I Form a system of equations for (u,v)

1 al( uxx +uyy ) +a2*vx - u=f0
1 a3( v.xx + vyy ) + ad*uy =f1
1 BC'’s: u=given on all boundaries

1 v=given on inflow

1 v.n=given  on walls

const real al=l1l., a2=2., a3=3, a4=4,

/I const real al=1l, a2=0., a3=1., a4=0;
const int eqn0=0; /I labels equation O
const int eqnl=1, /I labels equation 1
const int uc=0, vc=1; // labels for the u and v components

coeff=al*op.laplacianCoefficients(all,all,all,eqn0,uc)+a2*op.xCoe
-op.identityCoefficients(all,all,all,egn0,uc)
+a3*op.laplacianCoefficients(all,all,all,eqnl,vc)+ad*op.yCoeffici
iflt Oges:: debug & 4 )
display(coeff,"Here is coeff after interior

assigning equations

coeff.applyBoundaryConditionCoefficients(0,0,dirichlet,

the first ghostline

numberOfComponent sForCoeff ici ent s);

some operators

icients);
fficients(all ,al 1, all ,eq nO, vc)
ents(all,all, all ,eq ni, uc) ;
","%5.2f ");

allBoundaries);

coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,allBounda ries);

iflt Oges:: debug & 4 )

display(coeff,"Here is coeff after dirichlet/extrapolate BC's for (0) "/"%5.2f ");
coeff.applyBoundaryConditionCoefficients(1,1,dirichlet, inflow);
coeff.applyBoundaryConditionCoefficients(1,1,extrapolate,inflow);
coeff.applyBoundaryConditionCoefficients(1,1,neumann, wall);

iflt Oges:: debug & 4 )

display(coeff,"Here is coeff with dirichlet 0)

coeff.finishBoundaryConditions();

realMappedGridFunction u(mg,all,all,all,2),f(mg,all,all,all,2);
Oges solver( mg); /I create a solver
solver.setCoefficientArray( coeff ); /I supply coefficients

/I assign the
Index 11,12,13;
getindex(mg.indexRange(),11,12,13);

(11,12,13,0)=al*(exact.xx(mg,11,12,13,0)+exact.yy(mg,I1,12,
(11,12,13,1)=a3*(exact.xx(mg,11,12,13,1)+exact.yy(mg,I1,12,

right-hand-side

int  side,axis;
Index 1b1,1b2,Ib3;
Index 1g1,lg2,1g3;

ForBoundary(side,axis)

ift  mg.boundaryCondition()(side,axis)
{
getBoundarylndex(mg.gridindexRange(),side,axis,|b1,1b2,Ib3);
f(Ib1,1b2,1b3,0)=exact(mg,lbl,1b2,1b3,0);
iflt  mg.boundaryCondition()(side,axis)==inflow )

>0 )

f(Ib1,1b2,1b3,1)=exact(mg,lbl,1b2,1b3,1);
}
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else
{
/Il for Neumann BC's -- fill in f on first ghostline
getGhostindex(mg.gridindexRange(),side,axis,lg1,1g2,1g3);
realArray & normal = mg.vertexBoundaryNormal(side,axis);
ift  mg.numberOfDimensions()==2 )
f(lg1,192,1g3,1)=
normal(lb1,1b2,1b3,0)*exact.x(mg,lb1,1b2,1b3,1)
+normal(lb1,1b2,1b3,1)*exact.y(mg,lb1,1b2,1b3,1);
else
f(lg1,1g2,1g3,1)=
normal(lbl,Ib2,Ib3,0)*exact.x(mg,Ibl,Ib2,1b3,1)
+normal(lb1,1b2,1b3,1)*exact.y(mg,Ib1,Ib2,Ib3,1)
+normal(lb1,1b2,1b3,2)*exact.z(mg,Ib1,1b2,Ib3,1);
}
}
}
iflt  Oges:: debug & 4 )
display(f,"Here is the rhs");
solver.solve( uf ) /I solve the equations

getindex(mg.gridindexRange(),11,12,13,1);

display(u,"Here is the solution u","%>5.2f ");
ift Oges:: debug & 4 )
display(exact(mg,|1,12,13,Range(0,1)),"Here is the exact solution");
for(  int n=0; n<numberOfComponentsForCoefficients; n++ )
{
real error=0.;
display(evaluate(abs(u(I1,12,I3,n)-exact(mg,l1,12,13,n))), "Error  including ghost points","%6.2e ");
error=max(error,max( abs(u(11,12,13,n)-exact(mg,11,12,13,n))));
printf("Maximum error for component %i is = %e\n",n,error);
}

Overture::finish();
return(0);

5.3 Poissonsequation on a CompositeGrid

In this examplewe solve Poissors equtionon a CompositeGridfile Overture/examples/tcm3.C )
11 =
/I Coefficient Matrix ~ Example
I Using Oges to solve Poisson's equation on a CompositeGrid
1
/I Usage: ‘tcm3 [<gridName>] [-solver=[yale][harwell][slap][petsc][mg]] [-debug=<value>] -noTiming  -check’
1
1 The -check option is used for regression testing - it will test various solvers on a few grids
11
#include  "Overture.h"

O©CoOoO~NoOUWNE

#include  "MappedGridOperators.h"
#include  "Oges.h"

#include  "CompositeGridOperators.h"
#include  "SquareMapping.h"
#include  "AnnulusMapping.h"
#include  "OGPolyFunction.h"
#include  "OGTrigFunction.h"
#include  "SparseRep.h"

#include  "display.h"

#include  "Ogmg.h"

#include  "Checker.h"

#define  ForBoundary(side,axis) for( axis=0; axis<mg.numberOfDimensions(); axist+ ) \
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for( side=0; side<=1; side++ )
bool
real
CPU()
/I In this

{

measureCPU=TRUE;

version of getCPU we can turn off the timing
if(t  measureCPU )

return  getCPU();

else

return  0;

}
int
main(int

{

argc, char **argv)

Overture::start(argc,argv); /I initialize Overture
const int  maxNumberOfGridsToTest=3;

int  numberOfGridsToTest=maxNumberOfGridsToTest;
astring  gridName[maxNumberOfGridsToTest] =
/I here are upper bounds on the errors we expect for each grid.
/I way to compare results from different machines, especially
const real errorBound[maxNumberOfGridsToTest][2][2]=

{ 5.e-9,2.e-8, 5.e-7,6.e-7, /I square, dirichlet/neuman(DP)
7.e-4,2.e-3, 7.e-4,2.e-3, /I cic

6.e-3,7.e-3, 6.e-3,7.e-3 /I sib

h

const int

{ "squareb", "cic",

precision = REAL_EPSILON==DBL_EPSILON? 0 : 1;
int  solverType=OgesParameters::yale;
aString  solver="yale";
bool check=false;
ift argc > 1)
{
for( int
{
aString arg = argv[i;
ift  arg=="-noTiming" )
measureCPU=FALSE;
else if( arg(0,6)=="-debug=" )

i=1, i<argc; i++ )

sScankF(arg(7,arg.length()-1),"%i",&0ges::debug);
printf("Setting Oges::debug=%i\n",0ges::debug);

else if(

{

arg(0,7)=="-solver=" )

solver=arg(8,arg.length()-1);

if(  solver=="yale" )
solverType=0OgesParameters::yale;

else if(  solver=="harwell" )
solverType=0gesParameters::harwell;

else if(  solver=="petsc" || solver=="PETSc" )
solverType=OgesParameters::PETSc;

else if(  solver=="slap" || solver=="SLAP" )
solverType=0OgesParameters::SLAP;

else if(  solver=="mg" || solver=="multigrid" )
solverType=0OgesParameters::multigrid;

else
printf("Unknown solver=%s
throw “error";

}

printf("Setting

\n",(const char*)solver);

solverType=%i\n",solverType);

}

else if(

{
}

else

{

arg=="-check" )

check=true;
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numberOfGridsToTest=1;
gridName[O]=argv[1];
}
}
}

else
cout << "Usage:
"-noTiming

tem3  [<gridName>]
-check \n";

if(  Oges:debug > 3)
SparseRepForMGF::debug=3;

asString  checkFileName;
if(t  REAL_EPSILON == DBL_EPSILON )
checkFileName="tcm3.dp.check.new"; /I double precision
else
checkFileName="tcm3.sp.check.new";
Checker checker(checkFileName); /I for saving a check file.
/I make some shorter names for readability
BCTypes::BCNames dirichlet = BCTypes::dirichlet,
neumann = BCTypes::neumann,
extrapolate = BCTypes::extrapolate,
allBoundaries = BCTypes::allBoundaries;
int  numberOfSolvers = check ? 2 : 1;
real worstError=0.;
for( int sparseSolver=0; sparseSolver<numberOfSolvers;
ift  check )
iflt  sparseSolver==0 )
{
solver="yale";
solverType=0OgesParameters::yale;
}
else
{
solver="slap";
solverType=0OgesParameters::SLAP;
}
}
checker.setLabel(solver,0);
for( int it=0; it<numberOfGridsToTest; it++ )
{
aString  nameOfOGFile=gridNamelit];

checker.setLabel(nameOfOGFile,1);

[-solver=[yale][harwell][slap][petsc][mg]]

[-debug=<value>] "

sparseSolver++ )

cout << "\n \ n";
cout << M ek Checking grid: ' << nameOfOGFile << " *rxwkiikiink \n";
cout << " \ n\n";

CompositeGrid  cg;
getFromADataBase(cg,nameOfOGFile);

cg.update(MappedGrid:: THEvertex | MappedGrid::THEcenter |

if(t  Oges:debug >3 )

{

for( int grid=0; grid<cg.numberOfComponentGrids(); grid++
displayMask(cg[grid].mask(),"'mask");

}

const int inflow=1, outflow=2, wall=3;

/I create a twilight-zone function for checking the errors

OGFunction *exactPointer;

ift  min(abs(cg[0].isPeriodic()(Range(0,cg.numberOfDimensions()-
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/I this grid is probably periodic in space, use a trig function
/I real fx=2., fy=2.,, fz=2,;

real fx=1., fy=1., fz=1.;

/Il real fx=.5, fy=5, fz=.5;

printf("TwilightZone: trigonometric polynomial, x=%9.3e, fy=%9.3e, fz=%9.3e\n",fx,fy,fz);
exactPointer = new OGTrigFunction(fx,fy,fz);
else
{
printf("TwilightZone: algebraic polynomial\n");
/I cg.changelnterpolationWidth(2);
int  degreeOfSpacePolynomial = 2;
int degreeOfTimePolynomial =1
int  numberOfComponents = cg.numberOfDimensions();
exactPointer = new OGPolyFunction(degreeOfSpacePolynomial,cg.numberOfDimensions(),n umberOfComponen ts,
degreeOfTimePolynomial);
}
OGFunction & exact = *exactPointer;

/I make a grid function to hold the coefficients

Range all;

int  stencilSize=int(pow(3,cg.numberOfDimensions())+1); /I add 1 for interpolation equations
realCompositeGridFunction coeff(cg,stencilSize,all,all,all);

coeff.setlsACoefficientMatrix(TRUE,stencilSize);

coeff=0.;

/I create grid functions:

realCompositeGridFunction u(cg),f(cg);
f=0.; /I for iterative solvers
CompositeGridOperators op(cy); /I create some differential operators

op.setStencilSize(stencilSize);

1 op.setTwilightZoneFlow(TRUE);
/I op.setTwilightZoneFlowFunction(exact);

f.setOperators(op); /I for apply the BC

coeff.setOperators(op);

/I cout << "op.laplacianCoefficients().className: " << (op.laplacianCoefficients()).getClassName() << endl;
/I cout << "-op.laplacianCoefficients().className: " << (-op.laplacianCoefficients()).getClassName() << enc
coeff=op.laplacianCoefficients(); /I get the coefficients for the Laplace operator

I Aill in the coefficients for the boundary conditions

coeff.applyBoundaryConditionCoefficients(0,0,dirichlet, allBoundaries);
coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,allBounda ries);

coeff.finishBoundaryConditions();

/I coeff.display("Here is coeff after finishBoundaryConditions");
if(  false )
{
int  grid;
for(  grid=0;  grid<cg.numberOfComponentGrids(); grid++ )
coeff[grid].sparse->classify.display("the classify matrix  after applying finishBoundaryConditions()");
coeff[grid].display("this is the coefficient matrix");
}
}
Oges solver( cg ); /I create a solver
solver.setCoefficientArray( coeff ); /I supply coefficients
solver.set(OgesParameters:: THEsolverType,solverType);
if(  solver.isSolverlterative() )
{
solver.set(OgesParameters:: THEpreconditioner,OgesParameters::incom pleteLUPrec onditi oner);
solver.set(OgesParameters:: THErelativeTolerance,max(1.e-8,REAL_EP SILON*10.));
}
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/I assign the rhs: Laplacian(u)=f,
Index 11,12,13, lal,la2,la3;

int  side,axis;

Index Ib1,1b2,Ib3;

int  grid;

u=exact on the boundary

for(  grid=0;
{
MappedGrid & mg = cggrid];
/I mg.mapping().getMapping().getGrid();
/I printf(" signForJacobian=%e\n",mg.mapping().getMapping().getSignForJ

grid<cg.numberOfComponentGrids(); grid++ )

getindex(mg.indexRange(),11,12,13);

if(  cg.numberOfDimensions()==1 )
flgrid](11,12,13)=exact.xx(mg,11,12,13,0);

else if( cg.numberOfDimensions()==
flgrid](11,12,13)=exact.xx(mg,11,12,13,0)+exact.yy(mg,1,12,13
else
flgrid](11,12,13)=exact.xx(mg,11,12,13,0)+exact.yy(mg,l1,12,13

ForBoundary(side,axis)

ifC  mg.boundaryCondition()(side,axis)
{

>0)

getBoundarylndex(mg.gridindexRange(),side,axis,|b1,1b2,Ib3);
/I flgrid](Ib1,Ib2,Ib3)=exact(mg,Ibl,Ib2,Ib3,0);
flgrid].applyBoundaryCondition(0,BCTypes::dirichlet,BCTypes::bound

/I f.applyBoundaryCondition(0,BCTypes::dirichlet,BCTypes::allBoundari
/I f.display("Here is f);

/I Ogmg::debug=7;

u=0.; /I initial iterative solvers
real time0=CPU();

solver.solve( uf ) /I solve
real time=CPU()-time0;

printf(“\n*** max residual=%8.2e, time for 1st solve

solver.getMaximumResidual(),time,solver.getNumberOfiterations()

guess for

the equations

/I solve again

u=0;

time0=CPU();

solver.solve( uf ) /I solve the equations

time=CPU()-time0;

printf("*** max residual=%8.2e, time for 2nd solve of the Dirichlet
solver.getMaximumResidual(),time,solver.getNumberOflterations()

/I u.display("Here is the solution to Laplacian(u)=f");

real error=0.;

for(  grid=0;  grid<cg.numberOfComponentGrids(); grid++ )

{

getlndex(cg[grid].indexRange(),I1,I2,I3,1);

where(  cg[grid].mask()(I1,12,13)!=0
error=max(error, max(abs(u[grid](I1,12,13)-exact(cg[grid],11, I2 13,0)))/

max(abs(exact(cg[grid],11,12,13,0)))

iflt  Oges::debug & 8 )

{
realArray err(11,12,13);
err(11,12,13)=abs(u[grid](11,12,13)-exact(cg[grid],I1,12,13,0
where(  cg[grid].mask()(11,12,13)==0 )

err(11,12,13)=0.;

display(err,"abs(error on indexRange +1)");
/I abs(u[grid](11,12,13)-exact(cg[grid],I1,12,13,0)).display("a
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printf("Maximum relative error  with dirichlet bc's=  %e\n",error);
worstError=max(worstError,error);

checker.setCutOff(errorBound][it][precision][0]); checker.printMessage("dirichlet: error",error,time);
- Neumann BC's ----

coeff=0.;

coeff=op.laplacianCoefficients(); /I get the coefficients for the Laplace operator

Il Aill in the coefficients for the boundary conditions
coeff.applyBoundaryConditionCoefficients(0,0,neumann,allBoundaries );

coeff.finishBoundaryConditions();

Index 1g1,lg2,lg3;
bool singularProblem=TRUE;

for(  grid=0;  grid<cg.numberOfComponentGrids(); grid++ )
{

MappedGrid & mg = cglgrid];

getindex(mg.indexRange(),1,12,13);

if(  mg.numberOfDimensions()==1 )
flgrid](11,12,13)=exact.xx(mg,11,12,13,0);
else if( mg.numberOfDimensions()==2 )
flgrid](11,12,13)=exact.xx(mg,11,12,13,0)+exact.yy(mg,l1,12,13 ,0);
else
flgrid](11,12,13)=exact.xx(mg,11,12,13,0)+exact.yy(mg,1,12,I13 ,0)+exact.zz(mg, 11, 12, 13, 0);
ForBoundary(side,axis)
ift  mg.boundaryCondition()(side,axis) >0 )
{ /I for Neumann BC's -- fill in f on first ghostline

getBoundarylndex(mg.gridindexRange(),side,axis,|b1,1b2,b3);

getGhostindex(mg.gridindexRange(),side,axis,lg1,1g2,1g3);

realArray & normal = mg.vertexBoundaryNormal(side,axis);

if(  mg.numberOfDimensions()==1
flgrid](1g1,192,1g3)=(2*side-1)*exact.x(mg,|b1,1b2,Ib3,0);

else if(  mg.numberOfDimensions()==2 )
flgrid](lg1,192,1g3)=
normal(lb1,Ib2,1b3,0)*exact.x(mg,lb1,Ib2,1b3,0)
+normal(lb1,1b2,1b3,1)*exact.y(mg,lb1,1b2,1b3,0);

else
florid](lg1,1g2,1g3)=
normal(lb1,1b2,1b3,0)*exact.x(mg,lb1,1b2,1b3,0)
+normal(lb1,Ib2,1b3,1)*exact.y(mg,Ibl,Ib2,Ib3,0)
+normal(lb1,1b2,1b3,2)*exact.z(mg,lb1,1b2,1b3,0);

}

else if(  mg.boundaryCondition()(side,axis) ==inflow || mg.boundaryCondition()(side,axis) ==out-

{
singularProblem=FALSE;

getBoundarylndex(mg.gridindexRange(),side,axis,|b1,1b2,1b3);
flgrid](Ib1,Ib2,Ib3)=exact(mg,Ibl,1b2,1b3,0);

}
}
/l if the problem is singular Oges will add an extra constraint equation to make the system nonsingular
if(  singularProblem )
solver.set(OgesParameters:: THEcompatibilityConstraint, TRUE);
/I Tell the solver to refactor the matrix since the coefficients have changed

solver.setRefactor(TRUE);
/I we need to reorder too because the matrix changes a lot for the singular case
solver.setReorder(TRUE);

if(  singularProblem )

{
/I we need to first initialize the solver before we can fill in the rhs for the compatibility equation
solver.initialize();
int ne,ile,i2e,i3e,gride;

solver.equationTolndex( solver.extraEquationNumber(0),ne,ile,i2e,i3e,gride);
/I printf("extra equation at (i1,i2,i3,grid)=(%i,%i,%i,%i)\n" ile,i2e,i3e,gride );
/I display(solver.rightNullVector[gride],"solver.rightNullVector[grid 1;
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382 flgride](ile,i2e,i3e)=0.;

383 for( grid=0;  grid<cg.numberOfComponentGrids(); grid++
384 {

385 getindex(cg[grid].dimension(),11,12,13);

386 flgride](ile,i2e,i3e)+=sum(solver.rightNullVector[grid](11,12,!

387 }

388 }

389

390 u=0.; /I initial guess for iterative solvers

391 time0=CPU();

392 solver.solve( uf ); /I solve the equations

393 time=CPU()-time0;

394 printf("residual=%8.2e, time for 1st solve of the Neumann problem
395 solver.getMaximumResidual(),time,solver.getNumberOfiterations()
396

397 /I turn off refactor for the 2nd solve

398 solver.setRefactor(FALSE);

399 solver.setReorder(FALSE);

400 /I u=0.; /I initial guess for iterative solvers

401 time0=CPU();

402 solver.solve( uf ); /I solve the equations

403 time=CPU()-time0;

404 printf("residual=%8.2e, time for 2nd solve of the Neumann problem
405 solver.getMaximumResidual(),time,solver.getNumberOflterations()
406

407 error=0.;

408 for( grid=0;  grid<cg.numberOfComponentGrids(); grid++ )
409 {

410 getindex(cg[grid].indexRange(),!1,12,13);

411 where(  cg[grid].mask()(11,12,13)!=0 )

412 error=max(error, max(abs(u[grid](I1,12,13)-exact(cg[grid],|1,12,13,0)))/
413 max(abs(exact(cg[grid],|1,12,13,0))) );
414 iflt  Oges:debug & 32 )

415 {

416 getindex(cglgrid].dimension(),11,12,13);

417 u[grid].display("Computed solution");

418 exact(cg[grid],11,12,13,0).display("exact solution");
419 abs(u[grid](11,12,13)-exact(cg[grid],11,12,13,0)).display("a

420 }

421

422 printf("Maximum relative error  with neumann bc's=  %e\n",error);
423 worstError=max(worstError,error);

424

425 checker.setCutOff(errorBound][it][precision][1]);

426 }

427

428 } /I end sparseSolver

429

430

431 printf("\n\n

432 if(  worstError > 025 )

433 printf(" kKRS Warning, there is a large error
434 worstError);

435 else

436 printf(" FRERIIAAIHARK Test apparently  successful, worst
437 printf("

438

439 Overture::finish();
440 return(0);

A WNPF

5.4 Systemsof equationson a CompositeGrid

checker.printMessage("neumann:

somewhere, worst error

3)*exact(cg[gri d], 12, 12, 13, 0,0 )

= %8.2e (iterations=%i)\n",

);

= %8.2e (iterations=%i)\n",

);

bs(error)");

error",error,time);

Kok kkkokkkkk

—_ Fkkkkkkkkkkkkkkkkk) "
=%e \n",

:%e ******************\n“ WorstError)-
Fhk ok kkk ok kkk kkk o kkk o\ 1

Fokkkkkkkkk

(file Overture/examples/tcm4.C )
11
/I Coefficient Matrix ~ Example
I Solve a System of Equations on a CompositeGrid
1
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/I Usage: ‘ttm4 [<gridName>] [-solver=[yale][harwell][slap][petsc]] [-debug=<value>] -noTiming’
I

#include  "Overture.h"

#include  "Oges.h"

#include  "CompositeGridOperators.h"

#include  "OGPolyFunction.h"

#define  ForBoundary(side,axis) for( axis=0; axis<mg.numberOfDimensions(); axis++ ) \

for( side=0; side<=1; side++ )

bool measureCPU=TRUE;

real
CPU()
/I In this version of getCPU we can turn off the timing
{
iflt  measureCPU )
return  getCPU();
else
return  0;
}
int
main(int argc, char **argv)
{
Overture::start(argc,argv); /I initialize Overture
const int maxNumberOfGridsToTest=3,;

int  numberOfGridsToTest=maxNumberOfGridsToTest;

astring

gridName[maxNumberOfGridsToTest] = { "squareb", "cic", "sib"

int  solverType=OgesParameters::yale;
ift argc > 1)

for(
{

int i=1; i<argc; i++ )

aString arg = argVli];

if(

arg=="-noTiming" )
measureCPU=FALSE;

else if( arg(0,6)=="-debug=" )

}

sScanF(arg(7,arg.length()-1),"%i",&0ges::debug);
printf("Setting Oges::debug=%i\n",0ges::debug);

else if( arg(0,7)=="-solver=" )

{

aString  solver=arg(8,arg.length()-1);
if(  solver=="yale" )
solverType=OgesParameters::yale;
else if(  solver=="harwell" )
solverType=0OgesParameters::harwell;
else if(  solver=="slap" )
solverType=0OgesParameters::SLAP;
else if(  solver=="petsc" )
solverType=0OgesParameters::PETSc;
else

printf("Unknown solver=%s \n",(const char*)solver);
throw "error";

}

printf("Setting solverType=%i\n",solverType);

else

}
}
}

else

cout

numberOfGridsToTest=1;
gridName[O]=argv[1];

<< "Usage: ‘tcm4 [<gridName>] [-solver=[yale][harwell][slap][petsc]]

/I make some shorter names for readability
BCTypes::BCNames
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-noTiming’

\n";



I

dirichlet = BCTypes:dirichlet,

neumann = BCTypes::neumann,

extrapolate = BCTypes::extrapolate,
normalComponent = BCTypes::normalComponent,
aDotU = BCTypes::aDotU,
generalizedDivergence = BCTypes::generalizedDivergence,
generalMixedDerivative= BCTypes::generalMixedDerivative,
aDotGradU BCTypes::aDotGradU,

vectorSymmetry
allBoundaries

BCTypes::vectorSymmetry,
BCTypes::allBoundaries;

real worstError=0.;
for(  int it=0; it<numberOfGridsToTest; it++ )

{

I

astring  nameOfOGFile=gridNamel[it];

cout << "\n \ n";
Cout << " drkkkkkk Checking grid: " << nameOfOGFile << " *¥kkkkikiiok \n";
cout << " \ n\n";
CompositeGrid  cg;
getFromADataBase(cg,nameOfOGFile);
cg.update(MappedGrid:: THEvertex | MappedGrid::THEcenter | MappedGrid::THEvertexBoundaryNormal);
const int inflow=1, outflow=2, wall=3;
int  grid;
for(  grid=0;  grid<cg.numberOfComponentGrids(); grid++ )
{
if(  cg[grid].boundaryCondition()(Start,axis1) >0)
cglgrid].boundaryCondition()(Start,axis1)=inflow;
if(  cg[grid].boundaryCondition()(End ,axis1) > 0)
cg[grid].boundaryCondition()(End ,axisl)=inflow;
if(  cg[grid].boundaryCondition()(Start,axis2) >0)
cg[grid].boundaryCondition()(Start,axis2)=wall;
if(  cg[grid].boundaryCondition()(End ,axis2) >0)
cg[grid].boundaryCondition()(End ,axis2)=wall;
}
/I create a twilight-zone function
int  degreeOfSpacePolynomial = 2;
int degreeOfTimePolynomial = 1;
int  numberOfComponents = 2;
OGPolyFunction  exact(degreeOfSpacePolynomial,cg.numberOfDimensions(),numberOfCo mponents,
degreeOfTimePolynomial);
Range all;
/I make a grid function to hold the coefficients
int  stencilSize=int( pow(3,cg.numberOfDimensions())+1 ); /I add 1 for interpolation equations
int  stencilDimension=stencilSize*SQR(numberOfComponents);
realCompositeGridFunction coeff(cg,stencilDimension,all,all,all);
/I make this grid function a coefficient matrix:

int  numberOfGhostLines=1,;
coeff.setlsACoefficientMatrix(TRUE,stencilSize,numberOfGhostLines,
coeff=0.;

create grid functions:
realCompositeGridFunction u(cg,all,all,all,numberOfComponents),
f(cg,all,all,all,n umberOfComponents);

numberOfComponents );

CompositeGridOperators op(cg); /I create some differential operators
op.setNumberOfComponentsForCoefficients(numberOfComponents);
u.setOperators(op); /I associate  differential operators  with u
coeff.setOperators(op);
Solve a system of equations for (u_Ou_1) = (uyVv)
al( uxx +uyy ) +az2*v.x =f0
a3( vxx +vyy ) +aduy =11
const real al=1., a2=2., a3=3., a4=4.;
const real al=1., a2=0., a3=1l, a4=0;
Range e0(0,0), el(1,1); /I e0 = first equation, el=second equation
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Range c0(0,0), c1(1,1); /I c0 = first component, cl = second component
coeff=al*op.laplacianCoefficients(e0,c0)+a2*op.xCoefficients(eO, cl)
+a3*op.laplacianCoefficients(el,c1)+a4*op.yCoefficients(el,c0);

coeff.applyBoundaryConditionCoefficients(0,0,dirichlet, allBoundaries);

coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,allBounda ries);

coeff.applyBoundaryConditionCoefficients(1,1,dirichlet, allBoundaries);

coeff.applyBoundaryConditionCoefficients(1,1,extrapolate,allBounda ries);
coeff.applyBoundaryConditionCoefficients(1,1,dirichlet, inflow);
coeff.applyBoundaryConditionCoefficients(1,1,extrapolate,inflow);
coeff.applyBoundaryConditionCoefficients(1,1,neumann, wall);

*/

coeff.finishBoundaryConditions();
if(t Oges:debug & 16 )
coeff.display("Here is coeff after finishBoundaryConditions");

Oges solver( cg ); /I create a solver
solver.setCoefficientArray( coeff ); /I supply coefficients
solver.set(OgesParameters:: THEsolverType,solverType);

if(  solverType==OgesParameters::SLAP Il solverType==0OgesParameters::PETSc )

{

solver.set(OgesParameters:: THEtolerance,max(1.e-8,REAL_EPSILON*10 ));
}

/I assign the rhs: u=exact on the boundary

Index 11,12,13, lal,la2,la3;

int  side,axis;

Index Ibl,Ib2,Ib3;

for(  grid=0;  grid<cg.numberOfComponentGrids(); grid++ )
{

MappedGrid & mg = cg[grid];

getindex(mg.indexRange(),11,12,13);

solver.set(OgesParameters:: THEpreconditioner,OgesParameters::incom pleteLUPrecon dit ion er) ;

flgrid](11,12,13,0)=al*(exact.xx(mg,I1,12,13,0)+exact.yy(mg,| 1,12,13,0))+a2*exa ct. x(mg,l 1, 2,1 3,1);
flgrid](11,12,13,1)=a3*(exact.xx(mg,I1,12,13,1)+exact.yy(mg,| 1,12,13,1))+ad*exa ct. y(mg,l 1,1 2,1 3,0);
if(  cg.numberOfDimensions()==3 )

flgrid](11,12,13,0)+=al*exact.zz(mg,l1,12,13,0);
flgrid](11,12,13,1)+=a3*exact.zz(mg,11,12,13,1);

}

ForBoundary(side,axis)
ifl  mg.boundaryCondition()(side,axis) > 0)
{

getBoundarylndex(mg.gridindexRange(),side,axis,|b1,1b2,1b3);
flgrid](Ib1,1b2,Ib3,0)=exact(mg,Ibl,1b2,1b3,0);
flgrid](Ib1,Ib2,Ib3,1)=exact(mg,Ibl,Ib2,Ib3,1);

}
}

u=0.; /I for interative solvers.
real timeO=getCPU();
solver.solve( uf ) /I solve the equations

printf("residual=%8.2e, time for solve = %8.2e (iterations=%i)\n",
solver.getMaximumResidual(),getCPU()-time0,solver.getNumberOfit erations());

u.display("Here is the solution to  u.xx+u.yy=f");
for( int n=0; n<numberOfComponents; n++ )

{

real error=0.;
for(  grid=0;  grid<cg.numberOfComponentGrids(); grid++ )

getindex(cg[grid].indexRange(),11,12,13);

realArray err = (u[grid](11,12,13,n)-exact(cg[grid],11,12,13,n))/max(abs(ex act(cgl[grid],I1,12,1

where(  cg[grid].mask()(I1,12,13)!=0 )
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221 {

222 error=max(error,max(abs(err)));

223 }

224 if(  Oges:debug & 4 )

225 abs(u[grid](11,12,13,n)-exact(cg[grid],11,12,13,n)).display( "abs(error)");

226

227 printf("Maximum relative error in component %i with dirichlet bc's=  %e\n",n,error);

228 worstError=max(worstError,error);

229 }

230

231 } /I end loop over grids

232 printf("\n\n FkkxFFFAII*KR Khk Kk kkk kkk kkk KK\
233 if(  worstError > .025 )

234 printf(" ko Warning, there is a large error somewhere, worst error =%pe **Hrrkkkkkkkkikkk\nt

235 worstError);

236 else

237 printf(* koo Test apparently successful, WOrst —error =% ***xxxxxxxxkikikir\n" worstError);

238 prlntf(" *kkkkkkkkk *kk  kkk  kkk  kkk  kkk kkk kkk \n\ r
239

240 Overture::finish();
241 return(0);

5.5 Solving Poissons equationto fourth-order accuracy

Thefile Overture/examples/ttmOrder4.C showvs how to solve an elliptic problemto fourth-orderaccurag. In this
casewe usetwo ghostlines(really only neededor Neumanrboundaryconditions).We needto tell the operatorgo usefourth
orderandwe needto build the coeficient matrix using2 ghostlines. In orderto extrapolatethe secondghostline we usea
BoundaryConditionParameters object. The orderof extrapolationwill be setto the orderof accurag plus one, by
default. This examplewill only work with version15 or later

5.6 Multiplying agrid function or array times a coefficientmatrix

Supposenewantsto form the variablecoeficient operatorsuchas

0 0
L—w%—l—ya—y

In orderto multiply agrid function(or arrayof thecorrectshapel}imesacoeficientmatrixonecanusethemultiply ~ function
asillustratedin the next example

MappedGrid mg(...);

Range all;

MappedGridOperators op(mg);

realMappedGridFunction coeff(mg,9,all,all,all);

Index 11,12,13;

getindex(mg.dimension,|1,12,13); /I define Index's for the entire grid

/[ form the operator x d/dx + y didy

RealArray  X,y;

x=mg.vertex(11,12,13,0); /I make a copy since we cannot pass a view to multiply
y=mg.vertex(I1,12,13,1);
coeff= multiply(x,op.xCoefficients()) + multiply(y,op.yCoefficents());

One cannotusethe normal multiplication operatoy x, becausehe array operationswould not be conformable. Sincethe
multiply  reshaped’sfirst agumentin orderto multiply it timesthe secondargumentone cannot passa view of an array
asthe first argumentof the multiply function. Passingaview will resultin anA++ errror.

A multiply  functionis alsodefinedfor multiplying a scalarrealCompositeGridFunction timesarealCom-
positeGridFunction coeficient matrix.
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5.7 SparseRep:Definea StorageFormat for a SparseMatrix

This sectionis primarily for the useof peoplewho arewriting new OperatorclassesNormalbeingsmay not wantto readthis.

TheclassSparseRepForMGF defineghesparseepresentatiofor coeficient-matrixMappedGridFunctionA coeficient
matrix containsa pointerto a SparseRepForMGF . This objectholdsall theinformationthatdefineshow the stencilis stored
in thefirstcomponentFor examplethisobjectwill know thatthevaluecoeff(m,il,i2,i3) is thecoeficientthatmultiples
the grid functionvalueat the point (i1',i2',i3") . To save thisinformationin a compactform, eachpointon thegrid is
given an equationnumber (storedin the intMappedGridFunction equationNumber ), sothatinsteadof saving the
threenumbergil’,i2",i3’) only asingleequationNumbeneedbe saved.

The SparseRepForMGF objectalso containsan intMappedGridFunction classify . The classify array
holdsa valuefor eachpoint on the grid to indicatethe kind of equation(interior ~ , boundary , extrapolation , in-
terpolation ...) thatis beingappliedat that point. This information canbe usedby a sparsesolver (suchas Oges) to
automaticallyzeroouttheright-hand-siddor certainequationssuchasextrapolation.

Hereis how SparseRep is usedby thegrid functionclasses.

If we have arealMappedGridFunction coeff or arealCompositeGridFunction coeff thenthe state-
ment

coeff.setlsACoefficientMatrix(TRUE);

will causea SparseRep objectto becreatedandcoef will keepa pointerto it). The SparseRep objectwill beinitialized
with a call to SparseRep::updateToMatchGrid . Thiswill giveinitial valuesto theclassify  andequationNum-
ber arraysassuming standardstencil.

Whencoeff isfilled in with valuesfor theinterior with a statementike

coeff=op.laplacianCoefficients();

thennormallythedefault valuesfor theclassify ~ andequationNumber  arrayswill becorrect.
However, whenthe boundaryconditionsarefilled in with a statmentike

coeff.applyBoundaryConditionCoefficinets(0,neumann,...);

thenthe default valuesfor the classify andequationNumber  arrayswill have to be changed.(On a vertex grid the
neumanrboundaryconditionis the equationfor the ghost-linebut it is centredon the boundaryandthusthe default equation
numbersarewrong.) For someexampledook attheimplementatiorof the applyBoundaryConditionCoefficients
in thefile BoundaryOperators.C

If coeff isarealMappedGridFunction thenthe statement

coeff.finishBoundaryConditions();

will addextrapolationequationsat cornersandinsertequationgor periodicboundaryconditions.
If coeff isarealCompositeGridFunction thenthe statement

coeff.finishBoundaryConditions();

will call coeff[grid].finishBoundaryConditions() for eachcomponengrid functionandin additionit will add
in theinterpolationequationgo coeff

5.7.1 Public enumerators

Herearethe public enumerators:

classifyTypes: This enumeratorcontainsa list of classifytypes.. Any non-n@ative value indicatesa usedpoint. Negative
valuesareequationswith zerofor therhs

enum classifyTypes

{
interior=1,
boundary=2,
ghost1=3,
ghost2=4,
ghost3=5,
ghost4=6,
interpolation=-1,
periodic=-2,
extrapolation=-3,
unused=0
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5.7.2 Constructors

SparseRepBrMGF()

5.7.3 indexToEquation

int

indexToEquation(int n, int i1, int i2, int i3)

Description: Returnthe equatiornumberfor givenindices

n (input): componentumber( n=0,1,..,numberOfComponents-1
i1,i2,i3 (input): grid indices

Return value: Theequatiommumber

5.7.4 setCoefficientindex
int
setCoefficientindex(consint & m,

constint & na, constindex & I1a, constindex & 12a, constindex & 13a,
constint & nb, constindex & I1b, constindex & 12b, constindex & 13b)

Description: Assignrow and column numbersto entriesin a sparsematrix. Rows and columnsin the sparsematrix are
numberedaccordingto the valuesof (n,11,12,13) wheren is the componentnumberand (11,12,13) are the coordinate
indicieson the grid. The componentnumbern runsfrom 0 to the numberOfComponentsifCoeficients andis used
whensolvinga systemof equations.

m (input): assignrow/columnvaluesfor them’th entryin the sparsematrix
na,lla,12a,13a(input): definestherow(s)

Nb,I1b,12b,I3b (input): defineshecolumn(s)

5.7.5 setCoefficientindex
int
setCoefficientindex(consint & m,

constint & na, constindex & I1a, constindex & 12a, constindex & 13a,
constint & equationNumberQ)

Description: Assignrow and columnnumbersto entriesin a sparsematrix. This routineis normally only usedfor assign
equationnumberson CompositeGrids whenthe equationNumbebelongsto a point on a differentMappedGrid.Rows
andcolumnsin the sparsematrix arenumberedaccordingto the valuesof (n,11,12,13) wheren is the componentumber
and(I1,12,13) arethe coordinateindicieson the grid. The componenhumbern runsfrom 0 to the numberOfCompo-
nentserCoeficientsandis usedwhensolvinga systemof equations.

m (input): assigrrow/columnvaluesfor them’th entryin the sparsematrix
na,l1a,12a,13a(input): definestherow(s)

equationNumber (input): definesanequatiomumber

5.7.6 sizeOf

real
sizeOf(FILE *file = NULL) const

Description: Returnnumberof bytesallocatedby this object;optionally print detailedinfo to afile
file (input) : optinally supplyafile to write detailedinfo to. Choosefile=stdoutto write to standardutput.

Return value: thenumberof bytes.
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5.7.7 updateToMatchGrid

int

updateToMatchGrid(MappedGrid & mg,
int stencilSize0= unchanged,
int numberOfGhostLinesO= unchanged,
int numberOfComponentsO= unchanged,
int offset0= unchanged)

Description: Initialize the equationNumbeandclassifyarrays. The equationnumberarrayis initialized accordingto value
of stencilSize.The stencilwidth will be choserto be pow(stencilSize,1/dwhered is the numberof spacedimensions.
Thus

e If 3¢ < stencilSize < 5¢ (d=spacalimension)thenthe stencilis assumedo be a standard? stencilandthefirst
3¢ entriesareinitialized in the standardorm. Any excessentriesaregivenanequationnumberof 0 (unused).

e If 5¢ < stencilSize < 7¢ thenthestencilis assumedo beastandard? setncilandinitializedin thestandardorm.
Any excessentriesaregivenanequationnumberof 0 (unused).

e etc.
o If stencilSizds lessthan3? thenequationNumbearrayis setto zero.
mg (input): updateto matchthis grid.

stencilSizeQ(input): maximumsizefor the stencil(for eachcomponent)By default(i.e. if novalueis specifiedthenstencil-
SizeOremainsunchangedrom its currentvalue. (It is initially setto 9).

numberOfComponentsO(input): numberof components.By default (i.e. if no valueis specifiedthen numberOfCompo-
nentsOremainsunchangedrom its currentvalue. (It is initially setto 1).

offsetO(input): offsetequatiomumberdy thisamount.By default(i.e. if novalueis specifiedhenoffsetOremainsunchanged
from its currentvalue. (It is initially setto 0).
5.7.8 setParameters

void

setParameters(int stencilSize0= unchanged,
int numberOfGhostLinesO= unchanged,
int numberOfComponentsO= unchanged,
int offsetO= unchanged)

Description: SetvariousparametersUsethisroutineif youwantto setthe propertiesof the SparseRepbjectbeforeyou have
aMappedGrid.You mustcall update®MatchGridfor thesevaluesto take effect.

stencilSizeQ(input): maximumsizefor the stencil(for eachcomponent)By default (i.e. if novalueis specifiecthenstencil-
SizeOremainsunchangedrom its currentvalue. (It is initially setto 9).

numberOfComponentsO(input): numberof components.By default (i.e. if no valueis specifiedthen numberOfCompo-
nentsOremainsunchangedrom its currentvalue. (It is initially setto 1).

offsetO(input): offsetequatiomumbersy thisamount.By default(i.e. if novalueis specifiedhenoffsetOremainsunchanged
fromits currentvalue. (It is initially setto 0).

5.7.9 setClassify
int
setClassify(constlassifyTypes& type,
constindex & 11, constindex & 12, constindex & 13, constindex & N)

Description: Specifythe classificatiorfor a setof Index values
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5.7.10 equationTolndex

int

equationTolndex( constint egnNo,int & n,int & il,int & i2,int & i3)

Description: ConvertanEquationNumberto a pointonagrid (Inverseof indexToEquation)
egnNoO(input): equatiomnumber

n (output): componenthumber( n=0,1,..,numberOfComponents-1

i1,i2,i3 (output): grid indices

5.7.11 fixUpClassify
int
fixUpClassify(realMappedGridFunction & coeff)

Description: Fixup up theclassifyarrayto take into accounthe maskarrayandperiodicity

coeff(input): Thecoeficient matrix
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6 Fourier Operators

6.1 Generallnfo

Usethis classto performvariousoperationson the Fouriertransformof a realvaluedfunctionsuchas
o forwardandreversetransforms
e derivativesandintegralsin fourier space

This classcanbe usedto implement(pseudo)kspectralappoximationso PDEs. The OvertureclassMappedGridOperators
useghis classto computespectraderivatives.

Thefouriertransformis representedsa realtransform(sine-cosine).

By default the elementsof the arraysthat we operateon are u(0:nx-1,0:1y-1,0:nz-1,C)whereC is a Rangethat species
which components$o operateon. (Thearraydimensionganbe differentfrom 0:nx-1, etc.). This canbe changedo theform
u(R1, R2, R3,C) whereR1 haslengthnx, R2 haslengthny and R3 haslengthnz.

In practiceyou maykeepaduplicatepointin thearray You maydeclareanarrayto be u(0:nx,0:1y,0:nz)whereu(0,all,all)
==u(nx,all,all) Theseroutinesonly changehevaluesu(0:nx-1,0:1y-1,0:nz-1,C).

6.2 Constructors

FourierOperators(constint & numberOfDimensions,
constint & nx.,
constint & ny_=1,
constint & nz_=1)

Description: Definethe numberof spacedimensionsandthe numberof grid points.
numberOfDimensions: Thenumberof spacedimensiong1,2,0r 3)

nx_, ny_, nz_: The numberof grid points(minusone)in eachdimension(nx,ny,nz shouldbe a power of two or a productof
smallprimesfor efficiengy).

Author: WDH

6.3 fourierLaplacian

void

fourierLaplacian(const RealDistributedArray & uHat,
RealDistributedArray & ulLaplacianHat,

constint & power =1,
constRange& ComponentsO=nullRange)

Description: Apply the Laplacianoperator(or powersof the Laplacianoperator)in fourier space.The power canbe positive
or neggative.

uHat (input) : thefouriertransform

uLaplacianHat (output) : uHatmultiplied by " [— (k2 + kz + k2)]pever”, Notethatthe mean(i.e. the constantmode)is setto
zeroin all cases.

power (input): Thepower of the operatorto apply
ComponentsQ(input) : optionalcomponents$o operateon (defaultis all components)

Author: WDH
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6.4 fourierDerivative

void

fourierDerivative(constRealDistributedArray & uHat,
RealDistributedArray & uHatDerivative,
constint & xDerivative =1,
constint & yDerivative =0,
constint & zDerivative =0,
constRange& ComponentsO=nullRange)

Description: Computeaderivative in Fourierspace Theorderof thederivative canbe be positive or negative.
uHat (input) : thefouriertransform

uHatDerivative (output) : Thederiative in fourier space.

xDerivative (input): Theorderof thex-derivative

yDerivative (input): Theorderof they-derivative

zDerivative (input): Theorderof thez-dervative

ComponentsQ(input) : optionalcomponents$o operateon (defaultis all components)

Author: WDH

6.5 fourierToReal
void
fourierToReal(constRealDistributedArray & uHat,

RealDistributedArray & u,
constRange& ComponentsO=nullRange)

Description: Performatransformfrom fourier spaceo realspacebackwardtransform)
uHat (input) : thefouriertransform

u (output) : Thearrayto beassignedhebackwardfourier transform.
ComponentsQ(input) : optionalcomponents$o operateon (defaultis all components)

Author: WDH

6.6 realToFourier

void

realToFourier(const RealDistributedArray & u,
RealDistributedArray & uHat,
constRange& ComponentsO=nullRange)

Description: Realspaceo fourier spacgforwardtransform)

u (input) : Thearrayto fourier transform.

uHat (output) : thefouriertransform

ComponentsQ(input) : optionalcomponents$o operateon (defaultis all components)

Author: WDH
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6.7 setDefaultRanges
void
sdatDefaultRanges(consRange& R1,

constRange& R2_=nullRange,
constRange& R3_=nullRange)

Description: Changethe Rangesver which the transformsareperformed.This may alsochangethe numberof points. The
operationsvill thenbeappliedto u(R1,R2,R3,C)

R1_,R2_,R3. : newranges

6.8 setDimensions

void

setDimensions(consint & numberOfDimensions,
constint & nx_,
constint & ny_=1,
constint & nz_=1)

Description: Definethe numberof spacadimensionsandthe numberof grid points.
numberOfDimensions: Thenumberof spacadimensiong1,2,or 3)

nx_, ny_, nz_: The numberof grid points(minusone)in eachdimension(nx,ny,nz shouldbe a power of two or a productof
smallprimesfor efficiency).

Author: WDH

6.9 setReriod
void
setReriod(constreal & xPeriod_,

constreal & yPeriod_ = twoPi,
constreal & zPeriod_ = twoPi)

Description: Setthe period,defaultis 2*pi.
xPeriod_, yPeriod_, zPeriod_ (input) : Thelengthof theperiodicinterval in eachdirection

Author: WDH

6.10 transform

void

transform(constint & forwardOrBackward,
constRealDistributedArray & u,

RealDistributedArray & uHat,
constRange& Components0)

Description: Performaforwardor backwardfouriertransform.(Thisroutineis calledby realToFourier andfourier-
ToReal .

forwardOrBackward (input): O=forward,1=backvard

u (input) : Thearrayto fouriertransform.

uHat (output) : thefouriertransform

ComponentsQ(input) : optionalcomponents$o operateon (defaultis all components)

Author: WDH
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6.11 Examples

6.11.1 Exampleusing A++ arrays

Hereis anexamplecodedemonstratinghe useof this classwith A++ arrays(file Overture/examplesps.C

OCoo~NoOUhWNE

#include  "FourierOperators.h"

1

/I  Test out the FourierOperators Class

It

/I define a function and derivatives
#define  U(x,y) sin(px*x)*cos(py*y)

#define  UX(x,y) px*cos(px*x)*cos(py*y)

#define  UY(x,y)  -py*sin(px*x)*sin(py*y)

#define  U_LAPLACIAN(X,Y) -(px*px+py*py)*sin(px*x)*cos(py*y)

#define  U_INVERSE_LAPLACIAN(X,Y) sin(px*x)*cos(py*y)*(-1./(px*px+py*py))

#define  X(i) xPeriod*i/nx
#define  Y(j) yPeriod*j/ny

int

main(int argc, char *argv[])

{

Overture::start(argc,argv); /I initialize Overture

int  nd=8,nx=8,ny=8;

realArray u(nd,nd),uHat(nd,nd),u2(nd,nd),uHatX(nd,nd),ux(nd,nd);
realArray x(nd,nd),y(nd,nd);

Range R1(0,nx-1),R2(0,ny-1);

/I x is periodic  with period xPeriod, vy is periodic  with period

real xPeriod=1., yPeriod=2., px=twoPi/xPeriod, py=twoPi/yPeriod,;
/I assign values to x,y, and u
int ij;
for( j=0; j<ny; j++ )
for(  i=0; i<nx; i++ )
{
X(1.)=X();
y(.)=Y();

}
u(R1,R2)=U(X(R1,R2) y(R1,R2));

int  numberOfDimensions=2;
FourierOperators fourier(numberOfDimensions,nx,ny);
fourier.setPeriod(xPeriod,yPeriod);

u.display("Here is u");
fourier.realToFourier( u,uHat );
uHat.display("Here is uHat");
fourier.fourierToReal( uHat,u2 );

real maxError=max(fabs(u2-U(x,y)));

cout << "Maximum error in F-1(Fu) =" << maxError << endl
/I u2.display("Here is F™-1(Fu back again ");
fourier.fourierDerivative(uHat,uHatX, 1); /I x derivative
/I wHatX.display("Here is  wHatX");

fourier.fourierToReal( uHatX,ux );
maxError=max(fabs(ux-UX(x,y)));

cout << "Maximum error in uXx =" << maxError << endl
fourier.fourierDerivative(uHat,uHatX,0,1); /Iy derivative
fourier.fourierToReal( uHatX,ux );
maxError=max(fabs(ux-UY(x,y)));

cout << "Maximum error in uy =" << maxError << endl;
fourier.fourierLaplacian(uHat,uHatX,1); /I xx+yy derivative
fourier.fourierToReal( uHatX,ux );

maxError=max(fabs(ux-U_LAPLACIAN(X,y)));
cout << "Maximum error in  U.XxX+u.yy

' << maxError << endl;
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fourier.fourierLaplacian(uHat,uHatX,-1); I (xx+yy)™-1 operator
fourier.fourierToReal( uHatX,ux );
maxError=max(fabs(ux-U_INVERSE_LAPLACIAN(x,y)));

cout << "Maximum error in inverse laplacian = " << maxError << endl

Overture::finish();
return  0;

6.11.2 Example using mappedGridFunctions and MappedGridOperators

Hereis an example code demonstratinghe use of the MappedGridOperatorto computepseudo-spectralerivatives. The
MappedGridOperators containa pointer to a FourierOperators object which can be obtainedwith the get-

FourierOperators()

to accesghe extra functionality thatis foundin the FourierOperators class.

Co~NoOUwWNE

(file Overture/examplestestSpectral.C

#include  "Overture.h"

#include  "OGTrigFunction.h" /I Trigonometric function
#include  "MappedGridOperators.h"

#include  "LineMapping.h"

#include  "Square.h"

#include  "BoxMapping.h"

#include  "NamelList.h"

#include  "FourierOperators.h"

11 ==
I Test out the MappedGridOperators pseudo-spectral derivatives

1 ==
int

main(int  argc, char *argv[])

{

Overture::start(argc,argv); /I initialize Overture

int  debug=0, numberOfDimensions=2;

int nx[3] = { 88,1} /I number of grid points (minus 1) in each direction
/I frequencies for exact solution, cos(fx[0]*pi*x)*cos(fx[1]*pi*y)*cos(fx[2]*pi*z)
int fx[3] ={ 220 1}
real period[3] = {1.1.,1}
NamelList nl; /I The NamelList object allows one to read in values by
aString  name(80),answer(80);
printf(

Parameters for Example 3: \n"
“w o \n"

name type default \n"
"numberOfDimensions (nd=) (assign first) (int) %i \n"
"nx,ny,nx (int) %i %i %i \n"
"fx,fy,fz (fx*xPeriod=even) (int) %i %i %i \n"
"xPeriod,yPeriod,zPeriod (real) %e %e %e \n",
numberOfDimensions,nx[0],nx[1],nx[2],fx[0],fx[1],fx[2],period[0],pe riod[1],peri

/| ==========|oop for changing parameters
for( )
{

cout << "Enter changes to variables, exit to continue" << endl;

cin >> answer;

if(  answer=="exit" ) break;

nl.getVariableName( answer, name ); /I parse the answer

ift  name== "numberOfDimensions" I name=="nd" )

{

numberOfDimensions=nl.intValue(answer);
iflt  numberOfDimensions==1 )

nx[1]=nx[2]=1; fx[1]=fx[2]=0;

else if( numberOfDimensions==2 )
nx[1]=8, nx[2]=1; fx[1]=2, x[2]=0;
}
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else

nx[1]=8, nx[2]=8; fx[1]=2, x[2]=2;
}

else if( name== "nx" )
nx[0]=nl.realValue(answer);
else if( name== "ny" )
nx[1]=nl.realValue(answer);
else if( name== "nz" )
nx[2]=nl.realValue(answer);
else if( name== "fx" )
fx[0]=nl.realValue(answer);
else if( name== "fy" )
fx[1]=nl.realValue(answer);
else if( name== "fz" )
fx[2]=nl.realValue(answer);

else if( name== "xPeriod" )
period[0]=nl.realValue(answer);
else if( name== "yPeriod" )
period[1]=nl.realValue(answer);
else if( name== "zPeriod" )
period[2]=nl.realValue(answer);
else
cout << "unknown response: ['" << name << "|" << endl
}
LineMapping  line;
SquareMapping  square(0.,period[0],0.,period[1]); /I Make a mapping, unit square
BoxMapping box(0.,period[0],0.,period[1],0.,period[2]);;
/I choose a line, sqguare or box depending on the number of dimensions
Mapping & map = numberOfDimensions==1 ? (Mapping&)line
( numberOfDimensions==2  ? (Mapping&)square . (Mapping&)box );
for( int axis=0; axis<numberOfDimensions; axis++ )
{
map.setGridDimensions(axis,nx[axis]+1); /I number of grid points
map.setlsPeriodic(axis,Mapping::functionPeriodic);
MappedGrid mg(map); /I MappedGrid for a square
mg.update();
Range all;
realMappedGridFunction u(mg);
MappedGridOperators op(mg); /Il define some differential operators
u.setOperators(op); /I Tell u which operators to use
/I - compute all derivatives with  the pseudo-spectral method ----
u.getOperators()->setOrderOfAccuracy(MappedGridOperators::spectr aly;
OGTrigFunction true(fx[0],fx[1],¥x[2]); /I create an exact solution (Twilight-Zone solution)
real error;
int  n=0; /I only test first component
Index 11,12,I3,N;
getindex(mg.dimension(),I1,12,13); /I assign 11,12,13, all grid points including ghost
u(11,12,13)=true(mg,11,12,13,n,0.); /I assign true solution
error = max(fabs(u.x()(11,12,13)-true.x(mg,11,12,13,n)));
cout << "ux : Maximum error (spectral) =" << error << endl;
iflt debug & 4)
{
fabs(  u.x()(11,12,13)-true.x(mg,11,12,13,n)).display("Error in u.x");
true.x(mg,11,12,13,n).display(" true  u.x");
u.x()(11,12,13).display("computed u.x");
true(mg,11,12,13,n).display(" true u");
u(11,12,13).display("discrete u");
}
error = max(fabs(u.y()(11,12,13)-true.y(mg,11,12,13,n)));
cout << "uy : Maximum error (spectral) =" << error << end
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iflt debug & 4)
{

128
129 fabs(u.y()(11,12,13)-true.y(mg,11,12,13,n)).display("Error inuy");
130 u.y()(11,12,13).display("u.y");
131 true.y(mg,11,12,13,n).display("true.y");
132 }
133
134 error = max(fabs(u.xx()(11,12,13)-true.xx(mg,11,12,13,n)));
135 cout << "uxx : Maximum error (spectral) =" << error << endl
136
137 error = max(fabs(u.xy()(11,12,13)-true.xy(mg,11,12,13,n)));
138 cout << "uxy : Maximum error (spectral) =" << eror << endl
139
140 error = max(fabs(u.yy()(11,12,13)-true.yy(mg,I1,12,13,n)));
141 cout << "uyy : Maximum error (spectral) =" << error << end
142
143 error = max(fabs(u.laplacian()(11,12,13)-(true.xx(mg,11,12,13,n)+t rue.yy(mg,11,12,13,n )
144 +true.zz(mg,11,12,13,n))));
145 cout << "u.laplacian : Maximum error  (spectral) =" << error << endl
146
147 error = max(fabs(u.z()(11,12,13)-true.z(mg,11,12,13,n)));
148 cout << "u.z : Maximum error (spectral) =" << error << end
149
150 error = max(fabs(u.xz()(11,12,13)-true.xz(mg,11,12,13,n)));
151 cout << "uxz : Maximum error (spectral) =" << error << endl
152
153 error = max(fabs(u.yz()(11,12,13)-true.yz(mg,11,12,13,n)));
154 cout << "uyz : Maximum error (spectral) =" << error << end
155
156 error = max(fabs(u.zz()(11,12,13)-true.zz(mg,11,12,13,n)));
157 cout << "u.zz : Maximum error (spectral) =" << error << end
158
1 5 9 / / *kkkkkkkkkk *% *
160 /I Now get the FourierOperators (this  must be done only after at least one
161 /I derivative has been computed)
162 // Kkkkkkkkkkk *% *
163 FourierOperators & fourier = *op.getFourierOperators();
164
165 /Il compute the transform  directly
166 realMappedGridFunction uHat(mg);
167 fourier.realToFourier( u,uHat );
168 uHat.display("Here is uHat");
169
170
171 Overture::finish();
172 cout << "Program Terminated Normally! \n";
173 return  0;
174 '}
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